Mathematica 11.3 Integration Test Results

Test results for the 1301 problems in "5.3.4 u (a+b arctan(c x))*p.m

Problem 130: Result more than twice size of optimal antiderivative.

(a+bArcTan[cx] )3
J dx

x (d+1icdx)

Optimal (type 4, 128 leaves, 4 steps):

1+1cx 1+1cx

(a+bArcTan[cx])’Log[2- —2—] 3ib (a+bArcTan[cx])?Polylog[2, -1+ —2—]
+

d 2d
3b% (a+bArcTan[cx]) Polylog[3, -1+ —>—| 31ib*Polylog[4, -1+ —*—|

1+1cx 1+1cx

2d 4d

Result (type 4, 268 leaves):

- 6:d i (8ab*s®+b®n*+64a%ArcTan[cx] +192a*bArcTan[c x]? +
192 i ab? ArcTan[c x]? Log[1 - e 2 ArcTanlex] ] , 64 § b® ArcTan[c x]3 Log[1 - e 2 ArcTaniex] |
192 i a?bArcTan[c x] Log[1 - e?*ArcTanlex]] 1 64 i a® Log[c x] - 321 a° Log[1 + c?x?] -
96 b? ArcTan[c x] (2a+bArcTan[cx]) Polylog|2, e 2*ArcTaniex]]
96 a’ b Polylog[2, e?*A™Tanlcx] | 1 96 i a b® Polylog[3, e 2 ArcTaniexl]
96 i b> ArcTan[c x] Polylog[3, e 2*Ar<Tanlex]| . 48 b Polylog[4, e 2 tArcTaniex] )

Problem 141: Attempted integration timed out after 120 seconds.

Jx3 (a+bArcTan[cx] )2 4
X

d+ex

Optimal (type 4, 598 leaves, 23 steps):
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abdx b?x b?2ArcTan[cx] b?dxArcTan[cx]
+ - + -

ce? 3c2e 3c3e ce?

bx? (a+bArcTan[cx]) id?(a+bArcTan[cx])
N _ _

2 2

d (a+bArcTan[cx])

3ce ce3 2 c2e2
i (a+bAr‘cTan[cx}>2 dzx(a+bAr‘cTan[cx})2 d x2 (a+bAr‘cTan[cx})2
+ - +
3c3e e? 2e?
3 (a+bArcTan[cx])2 d3 (a+bAr‘cTan[cx1)2Log{ 2]
. 1-icx
3e et
2 2 2
2bd? (a+bArcTan[cx]) Log[lﬂicx} ) 2b (a+bArcTan[cx]) Log[lﬂicx} )
cel 3c3e
3 2 __2c(d+ex)
d*> (a+bArcTan[cx])?Log| T | b24 Log[1+c?x?]
et 2c?e?
. 2 . 2
ibd® (a+bArcTan[cx]) Polylog[2, 1- HLCX] ) i b2 d?Polylog[2, 1- E}
et ce?
) 2 . 3 _ 2c (drex)
i b2Polylog[2, 1- 1+J‘1cx] ibd® (a+bArcTan[cx]) Polylog[2, 1 Cdie Licx ]
3c3e et
2 43 2 2 43 __ 2c(d+ex)
b*d POIyLOg{B) 1- l—jcx} b*d PolyLog[B, 1 (cd+ie) (1-icx) ]
2e* 2e*

Result (type 1, 1leaves):

2?7

Problem 142: Attempted integration timed out after 120 seconds.

sz (a+bArcTan[cx] )2 4
X

d+ex

Optimal (type 4, 430 leaves, 14 steps):



Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb | 3

abx b2xArcTan[cx] 1id (a+bAr‘cTan[cx}>2 (aerAr‘cTan[cx])2
_ _ . _

ce ce ce? 2c%e
2
dx (a+bArcTan[c x])2 x? (a+bArcTan[c x})z d? (a+bArcTan[cx]) LOg[l—]’chx}
+ _ _
e? 2e e3

2bd (a+bArcTan[cx]) Log[ —>—] d? (a+bArcTan[cx])? Log[ —2cldex ]

1+iCcXx (cd+ie) (1-1cx)

ce? o3

b2 Log[1 + 2 x2] ) ibd? (a+bArcTan[cx]) Polylog[2, 1- l—jzcx] )
2c’e e3
i b>dPolylog[2, 1- —2—] ibd?(a+bArcTan[cx]) Polylog[2, 1 - —2cldexl ]

1+icCcx (cd+ie) (1-1cx)

ce? o3
b2 g2 POlyLog[B, 1. 2 } b2 d2 PolyLog[3, 1- $d+#)_]
+

1-1cx (cd+ie) (1-icx)

2e3 2e3

Result (type 1, 1leaves):

2?2

Problem 143: Attempted integration timed out after 120 seconds.

Jx (a+bArcTan[cx])? 4
X

d+ex

Optimal (type 4, 323 leaves, 8 steps):

i (a+bArcTan[cx])® x (a+bArcTan[cx])? d (a+bArcTan[cx])?Log[ —2—]
.

1-icx
+ +
ce e e?
2 2 _ 2c(drex)
2b (a+bArcTan[cx]) Log[lﬂicx] d (a+bArcTan[cx])” Log| (cdeie) (11cx) ]
ce e?

. 2 L2 2
ibd (a+bArcTan[cx]) Polylog[2, 1- chx] ) i b2 Polylog|2, 1- 1+jcx}

e? ce

ibd (a+bAr‘cTan[c x]) PolyLog[z, 1- M)_}

(cd+ie) (1-1icx)

e2

b?dPolylog[3, 1- —2—]| b?dPolylog[3, 1~ —2cldex—]

1-icx (cd+ie) (1-1cx)

2e? 2e?

Result (type 1, 1leaves):
22?

Problem 144: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

d+ex
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Optimal (type 4, 223 leaves, 1step):

(a+bArcTan{cx])?Log[—2—] (a+bArcTan[cx])?Log[ —2cidex ]
+

1-icx (cd+ie) (1-1cx)

e e
ib (a+bArcTan[cx]) PolylLog[2, 1 - #}

1-1cx

e
ib (a+bArcTan[c x]) PolyLog[ZJ 1- ﬂ%]

(cd+ie) (1-1icx)

e
b?Polylog[3, 1- —2—] b?Polylog[3, 1~ —2cldex——]
+

1-icx (cd+ie) (1-icx)

2e 2e

Result (type 1, 1leaves):

PP

Problem 145: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

x (d+ex)

Optimal (type 4, 369 leaves, 9steps):

1+1cx 1-1cx

2(a+bAr‘cTan[cx])ZAr‘cTanh[l— 2—] (a+bAr‘cTan[cx}>2Log[ 2—]
+

d d
(a+bArcTan[cx] )ZLOg[ﬁf;—iﬁTm] ) ib (a+bArcTan[cx]) PolylLog|2, 1- ﬁ]
d d
ib (a+bArcTan[cx]) PolyLog[2, 1- 1+112cx} ib(a+bArcTan[cx]) Polylog[2, -1+ 1+fcx]
+
d d

ib (a+bArcTan[cx]) PolyLog[2, 1- —reldiex 1 PolyLog[3, 1- ——]|
+

(cd+ie) (1-1cx) 1-icx

d 2d
b2 PolyLog[B, 1- 2 ] b2 POlyLOg[3, -1+ 2 ] b2 PolyLog[BJ 1- ﬂ%]

1+icx 1+icx (cd+ie) (1-icx)

2d 2d 2d

Result (type 1, 1leaves):

e

Problem 146: Attempted integration timed out after 120 seconds.

2

(a+bArcTan[cx])
J dx

x2 (d+ex)

Optimal (type 4, 473 leaves, 13 steps):
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ic (a+bArcTan[c x])2 (a+bArcTan[c x])2 2e (a+bArcTan[cx])?ArcTanh[1 - 1+1'12cx}

d d x 42
2] e (a+bArcTan[cx])? Log[ —2ldex ]

(cd+ie) (1-icx)

e (a+bArcTan[cx])? Log|

1-1cx
d2 dz
2 . 2
2bc (a+bArcTan[cx]) Log[2 - 1_Mx] ) ibe (a+bArcTan[cx]) Polylog|2, 1- 1_MX] )
d d2
ib?cPolylog[2, -1+ —*—]| ibe (a+bArcTan[cx]) Polylog[2, 1- —2—]
1-icx N 1+icx
d d?
. 2
ibe (a+bArcTan[cx]) PolyLog|2, -1+ 1+Jicx]
dZ
. _ 2c (d+ex) 2 2
ibe (a+bArcTan[cx]) Polylog[2, 1 Caie aaen ] ) b? e PolyLog[3, 1 - 1_“)(]
d? 2 d?
2 2 2 2 2 ___2c(d+ex)
b? e PolyLog[3, 1 - 1+1‘ch] ) b% e PolyLog[3, -1+ 1+icx} b% e PolyLog|3, 1 Caie (LNX)]
2 d? 2 d? 2 d?

Result (type 1, 1leaves):
22?

Problem 147: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

x3 (d+ex)

Optimal (type 4, 591 leaves, 21 steps):

| 5
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bc(a+bArcTan[cx]) 2 (aerAr‘cTan[cx])2
- - +

d x 2d
ice(a+bArcTan[cx])? (a+bArcTan[cx])® e (a+bArcTan[cx])?
- + +
d? 2d x? d? x
2e? (a+bArcTan|c x])ZAr'cTanh[l— 1”12“} ) b2 2 Log [X] ) e? (a+bArcTan|c X]>2L°g[1,fcx] .
& d o
__2c(dvex)
e? (a+bArcTan[cx] )2 Log | (Cdf;e)d(i_xﬂx) ] 7 b? 2 Log[1 + c2 x2] 7
d3 2d
2bce (a+bArcTan[cx]) Log[2- —2—] ibe? (a+bArcTan[cx]) Polylog[2, 1- —*—|
1-icx B 1-icX
d? d3
ib2cePolylog[2, -1+ 1712”] ibe? (a+bArcTan[cx]) Polylog[2, 1- 1+J12cx}
o2 ) o3
ibe? (a+bArcTan[cx]) Polylog[2, -1+ ﬁ}
d3

ibe? (a+bArcTan[c x]) PolyLog[Z, 1- i(w)—} b2 2 PolyLog[B, 1- 2 }

(cd+ie) (1-icx) 1-1cx

d3 ! 2d3
b2 e? Polylog[3, 1- —2—] b?e?Polylog[3, -1+ —>—] b2 e? Polylog[3, 1 - —2&(dexl ]

1+1 cx 1+1CX (cd+ie) (1-1cx)

2d3 2d3 2d3

Result (type 1, 1leaves):
???

Problem 217: Result more than twice size of optimal antiderivative.

sz (c+a®cx?) >/2 ApcTan[a x] dx

Optimal (type 4, 418 leaves, 51 steps):
sc2/cratcx?  5c(c+atcx?)??
128 a3 ' 576 a3
)52 (c+a2cx2)7/2+SCZXWAr‘cTan[ax]

240 a3 56 a c 128 a2

59 17
= ?x®+c+a’cx® ArcTan[ax] + —a?c?x°+/c+a?cx? ArcTan[ax] +

192 48

5ic3+/1+a2x? ArcTan[ax] ArcTan | Yisiax
’ . 1ax) el

1
“atc?x’+/c+a’cx® ArcTan[ax] + -
8

64 a3/ c+a’cx?
5ic3v1+a?x? PolyLog[Z, —@] 5ic3vV1+a?x? PolyLog[Z, @]
+

+

(c+a2cx2

+

A 1-1ax AJ1-1ax
128 a3/ c+aZcx? 128 a3/ c+aZcx?

Result (type 4, 1780 leaves):
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1,89 ¢ (1+a2x?) 1
—c

a’ 100801 +a2x?  128+/1+aZx?

5./c (1+ a2 x2> (ArcTan[a x] (Log[l -1 e“"“a”[ax]} - Log[lJr i et ArcTan(ax] ]) +
i (Polylog[2, -i e*A"Ta(ax)] _polylog[2, i e Ar<TaniaxI])) ,

¢ (1+a%*x?) ArcTan[ax]

+

128+/1+a%x? (Cos[iAr‘cTan[a x]} —Sin[iAr‘cTan[a X] ] )8

c(1+a2x?) (-3-98ArcTan[ax])

+

2688 V1 + a2 x2 (Cos [ % ArcTan[ax] | - Sin[%Ar‘cTan [ax]] )6

c (1+a?x?) (178 +1575ArcTan[ax])

268801 +a?x?

N
Cos[>ArcTan[ax]] - Sin[ > ArcTan[ax] | )4

¢ (1+a*x?) (-1219-1575ArcTan[ax])

80640 /1 + a? x? (Cos[iAr‘cTan[a x] ] - Sin[iAr‘cTan[a x] } )2

c(1+a*x?) Sin[%Ar‘cTan[a x] |

+

448 /1 + a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[§Ar‘cTan[a x] | )7

89./c (1+a2x?) Sin[iAr‘cTan[ax}]

6720 /1 + a2 x2 (Cos [ % ArcTan[ax] | - Sin[%Ar‘cTan [ax]] )5

1219/ c (1 +a? x?) Sin[%Ar‘cTan[ax]}

+

40320+/1 + a2 x? (Cos[iAr'cTan[a x]] - Sin[iAr‘cTan[a x] ”3

89./c (1+a?x?) Sin[%Ar‘cTan[ax]}

10080 /1 + a? x? (Cos[iAr‘cTan [ax]] -sin]| % ArcTan[ax] | )

¢ (1+a?x?) ArcTan[ax]

+

1281+ a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )8

c (1+a2x?) Sin| i ArcTan[ax] |

+

448 /1 + a2 x2 (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] ] )7

c(1+a?2x?) (-3+98ArcTan[ax])

2688 V1 + a2 x2 (Cos [ % ArcTan[ax] ] + Sin[%Ar‘cTan lax] ] )6
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89./c (1+a2x?) Sin[%Ar‘cTan[ax}]

67201 + a% x? (Cos [ i ArcTan[a X] ] + Sin[%Ar‘cTan [aXx] } )5

c (1+a*x?) (178 -1575ArcTan[ax])

268801 + a% x? (Cos[%Ar‘cTan[a X] ] + Sin[iAr‘cTan[a X] } )4

1219 \/c (1+a%x?) Sin[%Ar‘cTan[ax]}

403201 +a2x2 (Cos[iAr‘cTan[a x]] + Sin[iAr‘cTan[a X] ”3

c(1+a?2x?) (-1219+1575ArcTan[ax])

80640 /1 + a2 x2 (Cos[iAr‘cTan[a x]] + Sin[iAr‘cTan[a x] | )2

89 ./c (1+a?x?) Sin[iArcTan[ax]}

10080 /1 + a2 x2 (Cos [ i ArcTan[ax] ]| +Sin| i ArcTan([ax] | )

1 .
c2.lc <1+a2 XZ) -61 PolyLog[z, _jelAr‘cTan[ax]] .
482312 atxd
GjPOlyLog[z) jelAr‘cTan[ax]] = (1+a2 X2)2 [7
N Vitaid
14 a x .
6Cos[3ArcTan[ax]] +3ArcTan[ax] |- ————— +3Log[1-ielArcTanlax]]

4 Cos[2ArcTan[ax] ] (Log[l - i etAreTanlaxl] | og[1 + i etArcTan(ax] | ) +
Cos[4ArcTan[ax]] (Log[1-ielArcTaniaxl] _og[1+ i etArcTanlax]])

1
J 720a3+/1+a2x?

90 i Polylog[2, - i e*ArcTan(ax)] _ 99 j PolylLog|[2, i e!ArcTaniax]]

3Log[1+1ielAreTaniax]] 2 sin[3 ArcTan[ax] | +

c*/c (1+a%x?)

1 12
— (1+a° x2)3 ——— +110Cos[3ArcTan[ax]] - 90 Cos [5 ArcTan[a x]] + 15 ArcTan[a X]
16 1+ a?x?
156 a x . )
—————+30Log[1-1ielAcTan@x)] , 3Cos[6ArcTan[ax]] Log[1 - i etArcTanax)] ,
V1+azx?

45 Cos[2ArcTan[ax]] (Log[1-ie*ArcTan(axl] _jog[1+ i etArcTaniax]]) 4
18 Cos[4ArcTan[ax]] (Log[1- i e'ArcTan(ax] _jog[1 + i eiArcTan(ax]])
30 Log |1+ i etArTan(axl] _ 3 Cos[6ArcTan[ax]] Log[1+i etArcTaniax] ] _

|

Problem 316: Result more than twice size of optimal antiderivative.

94 Sin[3 ArcTan[ax]] +6Sin[5ArcTan[a x] ]

sz (c+a’cx?) >2 ArcTan[a x]2 dx
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Optimal (type 4, 531 leaves, 92 steps):
A/ 2 - 2 A/ 2 - 2
cxyc+ascx 1 m+31c c+a‘cx° ArcTan[aX]

+—cx? -
36 a2 60 360 a3
19cx?Vc+a%2cx? ArcTan[ax] 1 4 P
- —acx"y/c+a‘cx ArcTan[aXx] +
180 a 15
cxvc+a2cx? ArcTan[ax]? 7 3 > )
+ —cx>/c+atcx® ArcTan[ax]?+
16 a2 24

1 ic2/1+a%x? Ar‘cTan[e“"CTa“[aX]] ArcTan[a x]?
—a’cx’+c+a’cx® ArcTan[ax]?+ -
6 8at+vc+atcx?

41 c3/2 ArcTanh | 22X 4
[ [cra? cx2 } i c?+1+a?x? ArcTan[ax] PolylLog [2, —1 etArcTan(ax] }

360 a3 8alv/cratcx?
ic?/1+a?x? ArcTan[ax] PolylLog|2, i e*ArcTaniax] ]
8a’\/c+alcx?
c2+/1+a?x? Polylog [3, -1 elArcTan[ax] } c2+/1+a?2x? PolylLog [3, i et ArcTanax] ]
ga*craloa _ ga3craloxd
Result (type 4, 1115leaves):

+

+
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1
c+/c+aZcx?

11520a3V1+a?x?
(184ax\/1+a2x2 +128a3x3+/1+a?x® -56a°x°+/1+a%x® +252+/1+a’x? ArcTan[ax] +
264 a2 x%>+/1+a%x?> ArcTan[ax] +12a*x*+/1+a?>x? ArcTan[aXx] +

3690 ax~/1+a%x? ArcTan| 2,4860a%x3/1+a%x? ArcTan[ax]?+

1170 a° x> /1 + a2 x*> ArcTan[a x]2+830Ar'cTan[ax} Cos[3 ArcTan[ax]] +

1770 a%2 x> ArcTan[a x] Cos[3 ArcTan[ax] ] + 1050 a* x* ArcTan[a x] Cos [3 ArcTan[ax]] +
110 a® x® ArcTan[a x] Cos[3ArcTan[ax]] - 99 ArcTan[a x] Cos [5 ArcTan[ax]] -

270 a®> x> ArcTan[a x] Cos[5ArcTan[ax]] - 270 a* x* ArcTan[a x] Cos [5 ArcTan[a x]] -
90 a® x® ArcTan[a x] Cos [5ArcTan[ax]] - 720 tArcTan[a x] Log[2] + 480 s ArcTan[a x] Log[8] -
720 ArcTan[ax]? Log[1 - i e*ArTan(@x)] 4 729 ArcTan[a x]? Log[1 + i e*ArcTan(ax) | _
1

1. .
720 ArcTan[ax] Log| ~ bArcTan{ax] (i +etArcTaniax])] .

2 2

1 i
=
2 2
720 7t ArcTan[a X] Log[le%“r”a"[”} ((1+1)+ (1-1) etAreTanlax]) ] _
2

1. .
720 ArcTan[a x]? Log[ @ 2 bArcTan[ax] (,j + @lArcTan(ax] H B

720 ArcTan[a x]2 Log[ e 3 LArCTanax] ((1+i)+ (1-1) etAreTantax))]

N

720 nArcTan[ax] Log[-Cos[~ (n+2ArcTan[ax])]|] +

FNQRN

1 1
1312 Log[Cos{; ArcTan[ax] | -Sin| ; ArcTan[ax]]] -
1 1
720 ArcTan[a x]? Log[Cos[fAr‘cTan [aX] ] - Sin[fAr'cTan [aX] ] ] -
2 2

1 o1
1312 Log[Cos |~ ArcTan[ax] | +Sin[ =~ ArcTan[ax] || +

2 2
, 1 1
720 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | +Sin| = ArcTan[ax] || +
2 2
Rt
720 7t ArcTan[a x] Log[Sin|~ (7r+ 2ArcTanfax])]] -
4
1440 i ArcTan[ax] Polylog|2, -i e!ArcTan[axl ] . 1440 i ArcTan[a x] Polylog[2, i e*ArcTan(axl|
[a

1440 Polylog|3, - i e*ArcTan } - 1440 Polylog|3, i el“"”a“[“]} +
132Sin[3ArcTan[ax]] + 156 a®> x> Sin[3 ArcTan[ax]] - 84 a* x* Sin[3 ArcTan[ax]] -

108 a® x® sin[3 ArcTan[a x]] - 1065 ArcTan[a x]2Sin[3 ArcTan[a x]] -

2835 a% x2 ArcTan[a x]2Sin[3ArcTan[ax]] - 2475 a* x* ArcTan[a x]2Sin[3 ArcTan[ax]] -
705 a® x® ArcTan[a x]2Sin[3ArcTan[ax]] - 52Sin[5ArcTan[ax]] -

156 a° x2 Sin[5ArcTan[ax]] - 156 a* x*Sin[5ArcTan[ax]] - 52a® x® Sin[5ArcTan[ax]] +
45 ArcTan[ax]2Sin[5ArcTan[ax]] +135a%x?> ArcTan[ax]%Sin[5ArcTan[ax]] +

135 a* x* ArcTan[ax]2Sin[5ArcTan[ax] ] +45a®x® ArcTan[ax]2Sin[5ArcTan[a x] ]
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Problem 323: Result more than twice size of optimal antiderivative.

sz’ (c+a’cx?) >’2 ApcTan[a x]2 dx

Optimal (type 4, 578 leaves, 203 steps):
115c2/c+acx? 115c¢ (c+a?cx?)®? 23 (c+a?cx?)®?

+

4032 a* 18144 a* 7560 a*
(c+a2cx2)7/2 47 c2xvc+a?2cx? ArcTan[ax] 205c?x3>+c+a?cx?® ArcTan[ax]
. _ _
252 a% ¢ 1344 a3 6048 a
103ac? x>+ c+a?cx? ArcTan[ax] 15, S
- —a’c x'yJc+a“cx® ArcTan[aXx] -
1512 36
2c?2+vc+a?2cx? ArcTan[ax]? c?2x?+vc+a?2cx? ArcTan[ax]?
+ +
63 a* 63 a’
5 o4 2,2 2 19 5 5 6 ] 2,2 2
— Cc°X c+a“cx” ArcTan[ax]“+ —a“c X c+a“cx” ArcTan[ax]“ +
21 63
1 1151 c3 /1 +a?2x? ArcTan[ax] Ar‘cTan[@]
“a*c?2x®+/c+a’cx? ArcTan[ax]?- 1lax
9 2016 a* /¢ + a% ¢ x?
1151 c3\/1+a?x? Polylog[2, - 112X ] 1155 31+ a2x? Polylog[2, 1i=iax]
V1-1iax _ 1-iax
4032 a*+/c+a?cx? 4032 a*+/c+a?cx?
Result (type 4, 1381 leaves):
1
- c? (1+a2x2>2 c(1+a*x?)
960 a*

50 - 32 ArcTan[ax]?+72Cos[2ArcTan[ax]] + 160 ArcTan[a x] 2 Cos[2 ArcTan[a x]] +

110 ArcTan[ax] Log[1 - i el ArcTan(ax] |
22 Cos[4 ArcTan[ax]] - B

V1+a%x?
55ArcTan[ax] Cos[3ArcTan[ax]] Log[1- i e*ArcTaniax]] _
11 ArcTan[ax] Cos[5ArcTan[ax]] Log[1 - i e!ArcTan(axl]

110 ArcTan[a x] Log [1 + i @l ArcTan[ax] ]

Log {1 ‘i (eJ‘LAr‘cTan[aX]} +11ArcTan[a x] Cos[5ArcTan[ax]] Log[l +1i el'LAr‘cTan[ax]} B

176 i PolylLog[2, -i efArcTaniax] | 176 i Polylog|2, i efArcTan(ax] |
+

(1+a2x2)5/2 (1+a2x2)5/2

+ 55 ArcTan[a x] Cos[3 ArcTan[a x]]

+

4 ArcTan[ax] Sin[2ArcTan[ax]] -22ArcTan[ax] Sin[4 ArcTan[ax]] | +

1

748 (1+a2x2)3 c (1+a*x?) |4116 + 10944 ArcTan[a x]* +
80640 a

6262 Cos [2 ArcTan[ax] ] - 5376 ArcTan[a x]% Cos[2ArcTan[aXx]] +
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2764 Cos [4 ArcTan[ax] ] + 6720 ArcTan[a x]? Cos [4 ArcTan[ax]] +

10815 ArcTan[ax] Log[1 - i el ArcTan(ax] |
618 Cos[6 ArcTan[a x] ] - -

V1+ a2 X2
6489 ArcTan[a x] Cos [3 ArcTan[ax]] Log[1 - i e!ArcTaniax]] _
2163 ArcTan[a x] Cos[5ArcTan[ax]] Log[1- i (e“'"CTa“[”] ] -
309 ArcTan[a x] Cos[7 Ar‘cTan[ x] ] Log[ - i etArcTanlax]]
10815 ArcTan [a x] Log[1 + i e!ArcTan(ax] |

+
V1+azx?

6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log |1+ i e!ArcTaniax]]

2163 ArcTan[a x] Cos[5ArcTan[ax]] Log [1 + 1 elArcTan(ax] ] +309 ArcTan[a x]

19776 i PolyLog[2, - i elArcTanlax] |

(1+a2 x2)7/2

Cos[7ArcTan[ax]] Log |1+ i etArcTaniax]] .

19776 i PolyLog[2, i efArcTanlax] |

(1 + a2 X2> 7/2

- 1266 ArcTan[a x] Sin[2 ArcTan[ax]] +

360 ArcTan[a x] Sin[4 ArcTan[ax]] - 618 ArcTan[a x] Sin[6ArcTan[ax]] | -

1
46 448 640 a*

1083168 Cos[2 ArcTan[ax]] + 3276288 ArcTan[a x]? Cos[2 ArcTan[a X]
576936 Cos [4 ArcTan[a x] ] - 580608 ArcTan[a x]? Cos [4 ArcTan[a x] ] +
184160 Cos [6 ArcTan[a x] ] + 483840 ArcTan[a x]2 Cos [6 ArcTan[a x] ] +

2067282 ArcTan[ax] Log[1 - i el ArcTan(ax] |

Viva?x®
1378188 ArcTan[a x] Cos[3 ArcTan[ax]] Log [1 — j etArcTan(ax] ] -
590652 ArcTan[a x] Cos[5ArcTan[a x]] Log [1 _ i elArcTan[ax] ] _
147663 ArcTan[a x] Cos [7 ArcTan[a X] ] Log[l - i glArcTan(ax] ] -
16407 ArcTan[ax] Cos[9ArcTan[ax]] Log[1- i e*ArcTan(ax)]

2067282 ArcTan[ax] Log[1 + i el ArcTan(ax] |

1378188 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1+ 1 e!ArcTaniax]]

590652 ArcTan[a x] Cos [5ArcTan[ax]] Log[1+ i e*ArcTaniax]]

147663 ArcTan[a x] Cos[7 ArcTan[ax]] Log[1 + i et ArcTanlaxl]

16407 ArcTan[a x] Cos[9 ArcTan[a x]] Log [1 + 1 elArcTan[ax] ] B

4200192 i Polylog [2, _j elArcTan[ax ] 4200192 i PolylLog [2, i eliArcTan[ax] }

2(1+a2x2)4 c(1+a*x*) |657578 - 820224 ArcTan[ax]?+

]+

32814 Cos[8ArcTan[ax]] -

+

+
<1+a2x2)9/2 <1+a2 X2>9/2
78444 ArcTan[a x] Sin[2 ArcTan[ax]] - 160452 ArcTan[a x] Sin[4 ArcTan[a x]] +

38172 ArcTan[ax] Sin[6ArcTan[ax]] - 32814 ArcTan[a x] Sin[8 ArcTan[a x] ]

Problem 324: Result more than twice size of optimal antiderivative.
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sz (c+a’cx?) >’2 ApcTan[a x]2 dx

Optimal (type 4, 638 leaves, 238 steps):

43c?xVc+atcx? 29c?x3/c+atcx? 1, ., P
+ +—a’c?x’c+atcx? +
4032 a2 1680 168
1373 c2+/c+a?cx? ArcTan[ax] 737c?x*+/c+a?cx? ArcTan[ax]
20160 a3 10080 a
83 2,4 2 2 1 3 -2 6 2 2
——ac°x'y\/c+a cx® ArcTan[ax] - —a’c“ x>/ c+a“cx” ArcTan[aXx] +
840 28
5c2xVc+a?cx? ArcTan[ax]? 59
[ax] + c?2x3+/c+a’cx?® ArcTan[ax]?+
128 a? 192
17 2 25 2 2 2 1 4 2,7 2 2 2
—a’c?x’~Jc+a’cx? ArcTan[ax]?+ —a*c?x/~/c+a%?cx® ArcTan[ax]?+
48 8
, 397 c%/2 ArcTanh | —2XX
51c3vV1+a?x? Ar‘cTan[eﬂA“Ta”[aX]] ArcTan[a x]? [ [cra? e x?
64a\/c+a’cx? 5040 a3
5ic3+/1+a%x? ArcTan[ax] PolylLog[2, -1 e!ArcTanlax] ]|
"
64a3+/c+a2cx?
5ic3v1+a?x? ArcTan[aXx] PolyLog{Z, i e“'"”an[ax]}
+
64 a>+c+acx?
5c3V/1+a2x? Polylog[3, -ietArcTaniax]|  5¢c3+/1+a2x? Polylog[3, i efArcTaniax] |
64a3+/c+a’cx? 64a3+/c+a’cx?
Result (type 4, 1557 leaves):
1
2580480 a1+ a%x?

c?Jc+a’cx?® [35678ax+/1+a’x? +24602a°x3/1+a%x? -4070a°x>\/1+a?x? +

7006 a3’ x” \/1+a?x® +21002+/1+a%x? ArcTan[ax] -
49890 a2 x2+/1+a2x® ArcTan[ax] - 109026 a* x* /1 + a2 x> ArcTan[ax] -

38134 a°x®+/1+a2x?® ArcTan[ax] +1273965ax+/1+a’x?> ArcTan[ax]?+

2168775a> x>/ 1+a?x? ArcTan[ax]?+1080135a°x°/1+a?x?> ArcTan[ax]?+

185325a’ x” /1 +a%x? ArcTan[ax]?+ 202902 ArcTan[a x] Cos[3ArcTan[ax]] +

439768 a% x> ArcTan[a x] Cos[3ArcTan[ax]] + 263172 a* x* ArcTan[a x] Cos [3 ArcTan[a x]] +
18648 a® x® ArcTan[a x] Cos[3ArcTan[ax] ] - 7658 a® x® ArcTan[a x] Cos [3 ArcTan[aXx]] -
51310 ArcTan[a x] Cos[5ArcTan[ax]] - 164920 a% x*> ArcTan[a x] Cos[5ArcTan[ax]] -
186900 a* x* ArcTan[a x] Cos [5ArcTan[a x] ] - 84280 a® x® ArcTan[a x] Cos [5ArcTan[ax]] -
10990 a8 x® ArcTan [ax] Cos[5ArcTan[ax] ] + 3150 ArcTan[a x] Cos[7 ArcTan[aXx] ] +

12600 a® x> ArcTan[a x] Cos[7 ArcTan[a x] ] + 18900 a* x* ArcTan[a x] Cos [7 ArcTan[ax]] +
12600 a°® x® ArcTan[a x] Cos[7 ArcTan[a x]] + 3150 a® x® ArcTan[a x] Cos[7 ArcTan[a x]] -
221760t ArcTan[a x] Log[2] + 107520 st ArcTan[a x] Log[8] -

100800 ArcTan[a x]2 Log[1 - i etA™cTan(aX] ] | 190800 ArcTan[a x]2 Log[1 + i etArcTanlax]| _
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100800 7T ArcTan[a x] Log]| i+ etAreTaniaxi) |,

1 j] —31'1Ar‘cTan[ax]
T _ 2| e (
2 2

]l) ~LiArcTan[ax
e 2

100800 ArcTan[ax]? Log| | = + — ] (-i+e

i ArcTan[a x] _
S5 )]

L ArcTan [ax

100 800 st ArcTan[a X] Log[le’z ! ((1“-1) " <1—1‘1) eJ‘LAr‘cTan[ax])] B
2

100800 ArcTan[a x]? Log[le%“ma“[“] ((1+4)+ (1-1) etdreTaniax))]

N

100800 st ArcTan[a x] Log[-Cos|~ (n+2ArcTan[ax])]] +

R

1 1
203264 Log[Cos |~ ArcTan[ax] ] - Sin[;Ar‘cTan fax]|| -
2
1 1
100800 ArcTan[a x]? Log|Cos| ~ ArcTan[ax] | - Sin[ = ArcTan[ax]]] -
2 2
1 1
203264 Log[Cos[;Ar‘cTan [ax]] + Sin{;Ar‘cTan fax]]] +
1 1
100800 ArcTan[a x]? Log[Cos |~ ArcTan[ax] | +Sin[ = ArcTan[ax]]] +
2

100800 s ArcTan [a x] Log[Sin[~ (m+2ArcTan[ax])|] -

PN

i ArcTan[ax]

N

201600 i ArcTan[ax] Polylog|[2, -ie
201600 i ArcTan[a x] PolylLog|2, i e'A"Te"ax]] ; 291600 Polylog|3, -i e!ArcTanlaxl| _

201600 PolyLog|[3, i e!Ar<Tanlax]] ;17622 Sin[3ArcTan[ax]] +11352a?x?Sin[3ArcTan[ax]] -
17916 a* x* Sin[3 ArcTan[a x]] + 600 a® x® Sin[3 ArcTan[a x]] + 12246 a® xX2 Sin[3 ArcTan[ax]] -
490455 ArcTan[a x]2Sin[3 ArcTan[a x]] - 1484700 a2 x*> ArcTan[a x]2Sin[3 ArcTan[ax]] -
1592010 a* x* ArcTan[a x]2Sin[3 ArcTan[a x] ] - 691740 a® x® ArcTan[a x]2Sin[3 ArcTan[ax]] -
93975 a® x8 ArcTan[a x]2Sin[3 ArcTan[a x]] - 15618 Sin[5ArcTan[a x]] -

39176 a®> x2 Sin[5ArcTan[ax]] - 23820 a* x* Sin[5ArcTan[ax]] +

7416 a® x® Sin[5ArcTan[ax]] + 7678 a® x® Sin[5ArcTan[a x] ] +

61845 ArcTan[ax]2Sin[5ArcTan[ax]] + 227220 a®> x> ArcTan[a x]2Sin[5ArcTan[ax]] +

310590 a* x* ArcTan[a x]%Sin[5ArcTan[ax] ] + 186900 a® x® ArcTan[a x]2 Sin[5ArcTan[ax]] +
41685 a® x® ArcTan[ax]%2Sin[5ArcTan[ax]] +2438Sin[7 ArcTan[ax]] +

9752 a®? x2Sin[7 ArcTan[ax] ] + 14628 a* x* Sin[7 ArcTan[a x] ] + 9752 a® x® Sin[7 ArcTan[a x] ] +
2438 a® x® Sin[7 ArcTan[a x]] - 1575 ArcTan[a x]?Sin[7 ArcTan[a x]] -

6300 a® x2 ArcTan[a x]2Sin[7 ArcTan[a x] ] - 9450 a* x* ArcTan[a x]2Sin[7 ArcTan[aXx]] -

|+

6300 a® x® ArcTan[a x]2Sin[7 ArcTan[a x]] - 1575 a® x® ArcTan[ax]2Sin[7 ArcTan[a X] ]

Problem 325: Result more than twice size of optimal antiderivative.

JX (c+a®cx?) >’2 ArcTan[a x] 2 dx

Optimal (type 4, 387 leaves, 6 steps):
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3/2 5/2
5c2+/c+a2cx?2  5c¢ (c+atcx?) (c+a?cx?) 5c2x+c+a?cx? ArcTan[ax]

+ + -
56 a? 252 a2 105 a2 56 a
5cx (c+a? cx2>3/2 ArcTan[ax] X (c +a2cx2)5/2 ArcTan[a x]
- +
84 a 21 a
.3 232 Viriax
(c +a?cx?) "/ ArcTan[ax]? 5ic®V1+a?x? ArcTan[ax] ArcTan| Hlax]
+ v _
7a%c 28a2+/c+alcx?
5ic3V1+a2x? Polylog[2, - 113X | 55 c3+/1:aZx? polylog|2, ii=iax
y g{ ? A\ 1-1ax ]+ i y g[ ? A\ 1-1ax ]
56 a2/ c +a?c x? 56 a2 c+a?cx?

Result (type 4, 1087 leaves):
1

12 a2

c? (1+a2x2> C <1+a2x2)

3 ArcTan[ax] Log [1 _ i eiArcTan[ax] ]
Viva?x®
3 ArcTan[a x] Log [1 + 1 @iArcTan[ax] }
Viva?x®
4i Polylog[2, -i eArcTantax] ]

(1+a2x2)3/2

2+4ArcTan[ax]?+2Cos[2ArcTan[ax]] -

ArcTan[ax] Cos[3ArcTan[ax]] Log[1- i etArcTaniaxl]

+

ArcTan[ax] Cos[3ArcTan[ax]] Log[1+ i e*ArcTaniax]] +

41 Polylog[2, i etArcTaniax]]

(1+azx2)3/2

- 2ArcTan[ax] Sin[2ArcTan[ax]] | -

1
480 a?

¢ (1+a° xz)z c(1+a*x*) |56-32ArcTan[ax]?+72Cos[2ArcTan[ax]] +

160 ArcTan[ax]?Cos[2ArcTan[ax] ] +22Cos[4ArcTan[ax]] -
118 ArcTan[ax] Log|[1 - i el ArcTaniax] |
Log[l _ j elArcTan[ax] ] - 11 ArcTan[a x] Cos[5ArcTan[a x] ] Log[l _ j elArcTan[ax] ] .
118 ArcTan[ax] Log|[1 + i el ArcTaniax] |
Log[l i ejAr‘cTan[aX]] +11ArcTan[ax] Cos[5ArcTan[ax]] Log[l L eJiAr‘CTan[ax]] B

176 1 POlyLOg [2) —1i (EJ‘L ArcTan[a x] } 176 1 POlyLOg [2) i e]i ArcTan[a x] ]
+

-55ArcTan[ax] Cos[3 ArcTan[a x]]

+55ArcTan[a x] Cos[3 ArcTan[a x]]

+
(1+azxz>5/2 (1+a2x2)5/2

4 ArcTan[ax] Sin[2ArcTan[ax]] -22ArcTan[ax] Sin[4 ArcTan[ax]] | +

1
—? (1+a2x2)3 c (1+a*x?) |4116 + 10944 ArcTan[ax]* +
161280 a?

6262 Cos [2 ArcTan[ax]] - 5376 ArcTan[a x]% Cos[2 ArcTan[aXx]] +
2764 Cos[4 ArcTan[ax]] + 6720 ArcTan[a x]2 Cos[4 ArcTan[ax]] +
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10815 ArcTan[a x] Log [1 _j elArcTan[ax] }
618 Cos [6 ArcTan[ax]] - B

V1+a%x?
6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1 - i eArcTaniax]] _
2163 ArcTan[a x] Cos[5ArcTan[ax]] Log[1- i e!A"<Tanlax]| _ 309 ArcTan[a x]

. 10815 ArcTan[ax] Log |1 + i el ArcTanax] |
Cos[7 ArcTan[a x] ] Log[l,jenArcTan[ax]] N X

V1 +a?x?

6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log |1+ i e!ArcTaniax]]
2163 ArcTan[a x] Cos[5ArcTan[ax]] Log [1 + 1 elArcTan(ax] ] +309 ArcTan[a x]

) 19776 i PolylLog |2, -1 etArcTaniax]
Cos[7 ArcTan[a x]] LOg{l_'_]']_eJlAr‘cTan[ax]] _ [ ) ] N

(1+a2 x2)7/2

19776 i PolyLog[2, i elArcTaniax] ]|

(1 + a2 X2> 7/2

- 1266 ArcTan[a x] Sin[2 ArcTan[ax]] +

360 ArcTan[a x] Sin[4 ArcTan[ax]] - 618 ArcTan[a x] Sin[6 ArcTan[a X] ]

Problem 326: Result more than twice size of optimal antiderivative.

J(c +a’ cxz)S/zAr‘cTan[a x]2 dx

Optimal (type 4, 516 leaves, 21 steps):
2 2 2
177c:2x\/m+icx (c+a?cx?)??- 5c2Vc+alex? ArcTan[ax] -

180 60 8a
5c(c+a?cx?)®?ArcTan(ax] (c+a?cx?)®?ArcTan[ax]
- +
36a 15a
5 5
—c?x~/c+a’cx?® ArcTan[ax]?+ —cx (c+a2cx2)3/2Ar‘cTan[ax]2+
16 24
1 5/ 5ic3/1+a%x? ArcTan[elArcTan(ax] ] ApcTan[a x]?2
=x (c+a’cx?)”“ArcTan[ax]? - +
6 8a+vc+alcx?
259 ¢5/2 ArcTanh | —2 e x ‘
[ ey ] 5ic3V1+a%x? ArcTan[ax] Polylog[2, -i etArcTaniax] ]
. _
360 a 8avc+razcx?
5ic?/1+a?x? ArcTan[ax] Polylog[2, i e!ArcTan(ax]]
8a+/c+a?cx?
5c3\/1+a?x? Polylog|3, -ielArcTaniaxl]  5¢3+/1+a2x2 Polylog|3, i efArcTaniax] |
+
8avc+atcx? 8a+vc+atcx?

Result (type 4, 1117 leaves):
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1
c2+/c+atcx?

11520a+/1 +a?x?

(424ax\/1+a2x2 +368a3x3/1+a’x? -56a°x°+/1+a%x®> -11028+/1+a%x? ArcTan[ax] +

504 a2 x> +/1+a%x? ArcTan[ax] +12a*x*+/1+a?x? ArcTan[aXx] +
11970ax+/1+a2x?> ArcTan[ax]?+7380a%x>+/1+a%2x?> ArcTan[ax]?+

1170 a° x> </ 1 + a® x?> ArcTan[ax]? + 1550 ArcTan[a x] Cos[3 ArcTan[ax]] +

3210 a2 x> ArcTan[a x] Cos[3 ArcTan[ax]] + 1770 a* x* ArcTan[a x] Cos [3 ArcTan[ax]] +
110 a® x® ArcTan[a x] Cos[3ArcTan[ax]] - 99 ArcTan[a x] Cos [5 ArcTan[ax]] -

270 a®> x> ArcTan[a x] Cos[5ArcTan[ax]] - 270 a* x* ArcTan[a x] Cos [5 ArcTan[a x]] -
90 a® x® ArcTan[a x] Cos[5ArcTan[ax]] - 6480 st ArcTan[a x] Log[2] +

960 s ArcTan[a x] Log[8] + 3660 ArcTan[ax]? Log|1 - i e*ArcTaniax]] _

3600 ArcTan[a x]2 Log|[1 + i et ArcTaniax] ]

3600 7t ArcTan[a x] Log|

= EJ e—%iAr‘cTan[ax] (—j_ +e]’1Ar‘cTan[ax]>} _
2 2

1 :
—+ — -i+e

2 2

3600 7T ArcTan[a x] Log{le%“"”a“[”] ((1+1)+ (1-1) etAreTantax])]
2

3600 ArcTan[ax]? Log]| iArcTanfax]) |

1 ] —ller‘cTan[a x]
e 2 (

3600 ArcTan [a x] 2 Log[le%“'ﬂa"[”] ((1+4)+ (1-1) etArcTantax])y]
2

3600 s ArcTan[ax] Log[-Cos|~ (r+2ArcTan[ax])]|] -

I

1 1
8288 Log[Cos |~ ArcTan[ax]]| - Sin| ; ArcTan[ax] || +
2

1 1
3600 ArcTan[a x]? Log[Cos [~ ArcTan[ax] | - Sin[ = ArcTan[ax] || +
2 2
1 1
8288 Log[Cos[; ArcTan[ax] | +Sin] ; ArcTan[ax] || -

, 1 1
3600 ArcTan[a x]2 Log[Cos |~ ArcTan[ax] | +Sin] ; ArcTan[ax] || -

3600 1 ArcTan[ax] Log[Sin[~ (m+2ArcTan[ax])|] +

TN

7200 i ArcTan[a x] PolyLog|[2, - i e*A"Ta(@x] | _ 7200 i ArcTan[a x] PolyLog|2, i e*ArcTaniax]] _
7200 Polylog |3, - i e'ArTan(ax]] , 7200 PolylLog|3, i e!ArcTaniaxl]

372Sin[3ArcTan[ax]] + 636 a%> x> Sin[3 ArcTan[ax]] + 156 a* x* Sin[3 ArcTan[ax]] -

108 a® x® sin[3 ArcTan[a x]] - 1425 ArcTan[a x]2Sin[3 ArcTan[ax]] -

3555 a2 x2 ArcTan[a x]?Sin[3 ArcTan[ax] ] - 2835 a* x* ArcTan[a x]%Sin[3ArcTan[ax]] -

705 a® x® ArcTan[ax]2Sin[3 ArcTan[ax]] - 52Sin[5ArcTan[ax]] -

156 a® x> Sin[5ArcTan[a x]] - 156 a* x* Sin[5ArcTan[ax]] - 52 a® x® Sin[5ArcTan[a x]] +

45 ArcTan[a x]2Sin[5ArcTan[ax] ] + 135 a2 x? ArcTan[a x]2Sin[5ArcTan[ax]] +

135 a* x* ArcTan[a x]2Sin[5ArcTan[ax] ] + 45 a® x® ArcTan[ax]2Sin[5ArcTan[a x] ]
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Problem 413: Result more than twice size of optimal antiderivative.
sz \Jc+a?cx? ArcTan[ax]3dx

Optimal (type 4, 747 leaves, 40 steps):

Ve+razex?  xy/c+a?cx? ArcTan[ax] +/c+a?cx? ArcTan[ax]2
- + +
433 432 8 al

x2\c+a%2cx? ArcTan[ax]? x+\Vc+a?cx? ArcTan[ax]?® 1
+

+=x3+/c+a’cx?® ArcTan[ax]3+
4

AV 1-1iax

V1-iax

4a 8a?
ic\1+aZx? ArcTan [eﬁ ArcTan[ax] } ArcTan[a x]3 icv/1+a2x? ArcTan[ax] ArcTan [ @}
+
4a3\/c+atcx? a3c+atcx?
3ic+/1+a?x? ArcTan[ax]2Polylog [2, - i etArcTan[ax] ]
n
8a3\/c+alcx?
3ic+/1+a?x? ArcTan[ax]2Polylog [2, i @iArcTan[ax] } icivalx® PolylLog [21 - @}
ga7\/Cralcx? ' 207 /cralcxd
icVivaix? PolyLog[Z, M%] 3c/1+a2x? ArcTan[ax] PolyLog[B, - i elArcTan[ax] ]
+
2a3/c+acx® 4a3+/c+atcx?
3cV1+a?x? ArcTan[ax] Polylog|[3, i e'ArcTan(ax]]
.
423\ c+aZcx?
3icV1+a?x? PolylLog [4, ~ i ebArcTanfax] } 3icV1+a?x? PolylLog [4, i efArcTan(ax] }
N _ N

Result (type 4, 1844 leaves):
1 c(1+a?x?) (-1+ArcTan[ax]?) 1
— +
2 N 2T atx

\Je(1+a?x?) (-ArcTan[ax] (Log[1-ie'ArcTan(axl] _og[1+ietArcTaniax]])

i (Polylog[2, -i e*A"Ta(ax)] _polylog[2, i e'Ar<TaniaxI])) ,
1

81+ a?x?
3 2 Tt
— T ((——Ar‘cTan[a X]
4 2

¢ (1+a*x?) (—171'3 Log[Cot[l [E—Ar‘cTan[ax])]] -
8 2 \2

(Log[l 3 ej (%—Ar‘cTan[aX]) ] _ LOg[l . e]’L (g—Ar‘cTan[ax]) ] ] .

i

Polylog [2, _et (ngr-cTan[a x]) } _Polylog {2’ et (ngr-cTan[a x]) } ) ) N

iﬂ ((E—ArcTan[a x])2 (Log[l—zejl (%’A"Ta”[ax])] - Log[1+<ejL (%’A"CT"“”["“X])]] +
2 2

JT
21 [— - ArcTan[a X]
2

(PolyLog (2, et [5ancTan(ax]] | - PolyLog|2, ol [3ArcTan(a

XJ)})+
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5 (—PolyLog {3’ 7@1‘1 (%ArcTan[a x]) ] +Polylog [3, e]i (%ArcTan[a x]) ] J ) B

1 4

(T 4 1
8 fl[f—Ar'cTan[ax]

+—1

4

n o1 7
—+ = (77 +ArcTan[a x]
2 2 2

64 2

- [E - ArcTan[a x] )3 Log[1 + ot (5-AncTan(ax) | ] -
2

7 1

- Log[1+e®* (545 (-+arcTantax] | ] ) -

(. (7 1 7T
— T (11 [*+*(—*+ArcTan[ax}
2 2 2

3 Log {1 el (g+§ (*%+Ar‘cTan[ax]))} .

2

2

POlyLog[2, et (%—AI"CTan[a x])] .

Jt
i [— - ArcTan[a x]
2

1

8

1

8
a1 7T

(*+f (—*+Ar‘cTan[ax]]
2 2

3

8

3

1 o 1 o7 2 (x 1 7
—j(erf[—erAr‘cTan[ax]) ,(7+7(7—+ArcTan[ax])
2 2

4

2 2 2 2 2
LOg[l + eZJ’l (%Jri— (—§+Ar‘cTan[ax]))] + 1 i PolyLog[Z, 7@21’1 (%Jri— (—%+Ar‘cTan[ax])) ]] .
2
2 n n
E i E n l (_E +Ar‘cTan[ax}) PolyLog{Z, _(EZJL (;+§(7;+ArcTan[ax]))] B
2 2 2 2
3 [E - ArcTan[ax] | PolyLog[3, _et (Z"A"CT""”[”])] _
4 \2
3 1 (n 1 b 3 o1 b 2
— T *1[7+7(77+ArcTan[ax} —[7+7(77+APcTan[ax]
2 3 2 2 2 2 2 2
Log[1+e? ! [777 [FrareTantaxi]] ]y (1+ 1 [—£+Ar‘cTan[a x])
2 2 2
PolyLog[Z, 7@211 (%% (7§+Ar~cTan[ax]))] _ 1 PolyLog[3, 7@21 (%%(—%ArcTan[ax])) }) B
2

a1 7T
[7+ — (—*+Ar‘cTan[ax]
2 2 2

—+
2 2 -

PolyLog[3J _e2t (” 1 (JZLArcTan[a x])) }

AlwnN |w

i PolyLog [4, _e]i (%—Ar‘cTan[a x]) ] _ i i PolyLog [4’ _‘821'1 (’2—‘+;— (—'2‘—+Ar‘cTan[a x])) ] J ] .
4

¢ (1+a?x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[§Ar‘cTan[a x] | )4

c (1+a*x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)

16 \/1 + a2 x? (Cos[iAr'cTan[a X] ] —Sin[iAr‘cTan[a X] } )2

c (1+a*x?) ArcTan[a x]ZSin{iAr‘cTan[a x] |

8/1+a%x? (Cos[iAr‘cTan[a x] | —Sin[iAr‘cTan[a x] | )3

¢ (1+a?x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[iArcTan[a x] | )4
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c (1+a*x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

8+V1+a2x? (cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a X] ] )3

¢ (1+a*x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 +a%x? (Cos[iArcTan[a x]} +Sin[§Ar‘cTan[a x]])2
( ¢ (1+a*x?) (Sin[lArcTan[a x]| - ArcTan|a X]ZSin[lAr‘cTan[a x]]))/
2 2
[4\/1+32X2 )+

( c (1+a?x?) (7Sin[lAr'cTan[ax]] +ArcTan[ax]2Sin[lArcTan[ax]]

2 2
[4\/1+32X2 )

Problem 415: Result more than twice size of optimal antiderivative.
Jx/ c+a’cx? ArcTan[ax]3dx

Optimal (type 4, 626 leaves, 14 steps):
~/ 2 2 2
_3¥cratcx’ ArcTan[ax] +lx\mAr‘cTan[ax}3—

2a 2

1 1
Cos [ — ArcTan[a X] } + Sin[; ArcTan[a X] ]

|/

1 1
Cos| S ArcTan[ax] | - Sln[; ArcTan[ax] |

) . / 2 2 Ai1l+iax
icvV1+a?x? ArcTan[e!ArcTaniax] | ArcTan[ax]3 6icVi1l+a®x® ArcTan[ax] Ar‘cTan[m}

- +

avc+atcx? avc+atcx?
3icV1+a?x? ArcTan[ax]? PolyLog[Z, -1 e“"”an[ax]]
2avc+acx?

, i c A/ 2 32 iVitiax
3icV1+aZx? Ar‘cTan[ax}zPolyLog[Z, jelA”CTa”[ax]} 3icvi+atx PolyLog[Z, T iiax }

+

2avc+a?cx? aVvc+a?cx?

. 242 iviviax. -
3icvl+ax PolyLog[Z, o ] i 3cvV1+a?x? ArcTan[ax] PolyLog[3, -i elA"CTa”[aX]]

av/craZcx? avcraex?
3cV1+a?x? ArcTan[ax] Polylog|[3, i e'ArcTan(ax]]
avcralex?
3icV/1+a2x? Polylog[4, —ietATanlaxI] 34 c+/1+a%x? Polylog[4, i e!ArcTeniax |

+

avc+a?cx? avc+a?cx?
Result (type 4, 1524 leaves):

+
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x]2 1

2V 1+ a%x>?

+

V 1+ a?x>?

3./c (1+a2 x2> (Ar‘cTan[a x] (Log[l—je“"“a”[“]} —Log[1+j1<e“””a”[ax]]) +

i (PolylLog|2, -ie
1

21 +a?x?
3 ) T
— T ((——Ar‘cTan[a X]
4 2

c (1+a2x2)

PolylLog [ 2,

3 7T
-7 ((*—APcTan[a x]
2 2

JT
21 [— - ArcTan[a
2

2 (—PolyLog{B,

[o0]
—
[e)}
-b""

=

U
i (f - ArcTan[a
2

7T
(— - ArcTan[a Xx]
2

2 2

2

A|lwow|w — 00|Fr ©|Fr
Ny

2 2 2

7
[f - ArcTan[a x]

2
e
T, 1

2
P

Log[1+e“(

le-b\UJNMu

Polylog|2,
{7‘( 1
2 2

iPolylog|4, -e

AjlwnN|w

X]

3. (7 1 7T
Vs (1 (—+—(——+Ar‘cTan[ax}
2

1 7T
+ — (— — +ArcTan[a x]
2

7
1 [f - ArcTan[a x]

(o1 7T
i (—+— (——+Ar‘cTan[ax]

Tt
—+ = (——+Ar‘cTan[ax})
2

i ArcTan[a x] } _ PolyLog [2, i e]l ArcTan[a x] } ) ) 4

17'(3 Log[Cot[l (Z—Ar‘cTan[ax]]H +
8 2 \2

(Log[l 3 (Ej (%—Ar‘cTan[aX])] _ LOg[l . e]’l (;L—Ar‘cTan[ax]) ]) .

7@]'1 (;;7Ar-cTan[a x]) } ~Polylog [2’ ej‘ (%’APCTan[a x]) } ) ) _

2 (Log[l— ol (%Ar‘cTan[ax])] B Log[l ; el (%—Ar‘cTan[ax]) ]) .

(PolyLog[z, _ei (%—Ar‘cTan[aX]) } _ PolyLog[z, ei (%—Ar‘cTan[ax]) } ) .

et (o) | poytog s, ¢t (Fremien) )|

i

4
X]) +

3

701 s 4
7+7(—f+Ar‘cTan[ax]J) -
2 2 2

. ej (%—Ar‘cTan[a x]) ]

1
4
[

- Log[l + ezj (%% (—/24+Ar'cTan[ax])) ] ) _

3

Log {1 . erL (i+§ (—%+Ar‘cTan[a x])) }

+

2

PolyLog[Z, 7@1‘1 (ngrcTan[a x]) ] .

2 a1 T
- (—+— (——+Ar‘cTan[ax])
2 2 2

+ArcTan[a x] )

+Ar‘cTan[a x])) ] . l i Polylog {2) _ezi (;Jr% (—%+Ar‘cTan[a x])) ] ] .
2

2
PolylLog|[2, -

21 (%Jr% (7§+Ar‘cTan[ax])) ]

PolyLog[3, i (%ArcTan[a x])]

3 a1 7 2
- [—+— (——+Ar‘cTan[aX})
2 2 2

— +ArcTan[a x] )

3 (-5 vAncTanax ]))] +1 (ﬁJr 1 (7E+ArcTan[a x])
2 2 2

1

_ezi (';—+§ (—§+Ar‘cTan[ax])> ] B l PolyLog[B, _ezi (§+; <—§+Ar‘cTan[ax])) } ) B
2

eZJi (% % (—’Ziw-\r‘cTan[a x])) }

PolyLog|3, -

i (%—Ar‘cTan[ax])] B i i PolyLog[4, 7@21‘1 (%»f% (—%ArcTan[ax])) ] ]] .
4



22 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

c (1+a?x?) ArcTan[ax]?

4+/1+a2x? (Cos[iArcTan[a x] | 7Sin[§Ar'cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]}

2+/1+a%x2 (Cos[%Ar‘cTan[a x]] —Sin[%Ar‘cTan[a X] ])

¢ (1+a*x?) ArcTan[ax]?

4+/1 + a? x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] ] )2

3./c(1+a2x?) ArcTan[ax]ZSin[iArcTan[ax]}

2V 1+a2x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] ])

Problem 420: Result more than twice size of optimal antiderivative.

sz’ (c+a’cx?) 32 ApcTan[a x] 2 dx

Optimal (type 4, 652 leaves, 200 steps):
cxVe+atex? cx?Vc+atcx? 163c+c+a?cx? ArcTan[ax]

+

420 a3 140 a 840 a*
cx?Vc+aZecx? ArcTan[ax] 1 4 P
+—cXx"+/c+a‘cx® ArcTan[ax] +
60 a2 35
9cxVc+atex? ArcTan[ax]? 23cx3+/c+a?cx? ArcTan[ax]?
112 a3 280 a
1 511ic2+/1+a%x? ArcTan [ej ArcTan[ax] ] ArcTan[a x]?
—acx’+/c+a’cx? ArcTan[ax]?- -
14 280 a*+/c+a2cx?
2cvVc+a?cx? ArcTan[ax]?® cx?Vc+a2cx? ArcTan[ax]?
+ +
35 a% 35a2
8 4 2 2 3 1 2 6 2 2 3
—cx*y/c+a?cx? ArcTan[ax]?®+ —a?cx®+/c+a?cx?® ArcTan[ax]3+
35 7

23 ¢3/2 ApcTanh | —2cx ‘
[ [eiaiex? ) 511 c2+/1+a2x? ArcTan[ax] Polylog|2, - i elArcTan(ax] |
+

120 a* 280 a*\/c + a% c x?
51ic?+/1+a2x? ArcTan[ax] Polylog[2, i e!ArcTan(ax] ]
280 a*+/c+aZcx?
51c2+/1+a2x? Polylog[3, -i efArcTaniaxl] 51 ¢2+/1+a2x2 Polylog|[3, i etArcTaniax] |
+
280 a*+/c+aZcx? 280 a*+c+a?cx?

Result (type 4, 1306 leaves):

1 1 7 3
—c|-————Jc(1+a*x?) (117rArcTan[ax] Log[2] -
at 401+ a2 x2
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11ArcTan[ax]? Log[1 - i e!Ar<Teniax]] 4 17 ArcTan[ax]? Log[1 + i e*ArcTan(ax)|

] (—J'l+<e
2 2

i) iy .
11w ArcTan[ax] Log| ] o LiArcTan(ax arctantax)) ]

l+— ]<—:|'L+e

11 ArcTan[ax]? Log|
2 2

i 1.
Jl) e727]1Ar~cTan[ax JiArcTan[ax])] B

-1 ArcTan [

11 st ArcTan[a x] Log[le 2 ax] <<1+jl> + <1_j]_> eiArcTan[aX])] _
2

11 ArcTan[a x]? Log[le%“'ﬂa“[”] ((1+4)+ (1-1) etdreTaniax))]
2

11w ArcTan[ax] Log[-Cos|[~ (m+2ArcTan[ax])|] +

nR

1 1
20 Log[Cos[;Ar'cTan[a x]] - Sin[;ArcTan[a x1]] -

1 1
11 ArcTan[ax]? Log[Cos| = ArcTan[ax] | - Sin[ = ArcTan[ax]]] -
2 2

1 1
20 Log[Cos[EAr‘cTan[a x] |+ Sin[;Ar‘cTan[a x1]]+

1 o1
11 ArcTan[a Xx] 2 Log[Cos[f ArcTan[a X] ] +Sin [ — ArcTan[a x] } ] +
2 2

11w ArcTan[ax] Log[Sin[~ (r+2ArcTan[ax]) ]| - 22 i ArcTan[aX]

1
4

Polylog|2, -1ie'A"<T[ax]] ;22 j ArcTan[ax] Polylog|[2, i efArcTaniax]]
22 Polylog|[3, -ietArcTan(axi] _ 22 polylLog[3, i elArcTanlax ||

1
— (1+2? xz)2 ¢ (1+a*x*) (150 ArcTan[ax] -32ArcTan[ax]?+
960

8ArcTan[ax] (27 +2@ArcTan[ax]?) Cos[2ArcTan[ax]] +
66 ArcTan[a x] Cos[4 ArcTan[ax]] +12Sin[2ArcTan[aXx]] +
6 ArcTan[ax]2Sin[2ArcTan[ax]] +6Sin[4 ArcTan[ax]] -

+

33 ArcTan[ax]?Sin[4ArcTan[ax]])

1 1
—C

a* (1680/1+a2x?

309 ArcTan[ax]? Log[1 - i e!ArcTan(ax] ], 399 ArcTan[a x]? Log[1 + i el ArcTan(ax] |

¢ (1+a*x?) (3097(Ar'cTan[a x] Log[2] -

309 ArcTan[a x] Log|
2 2

i -1 ArcTan[ax . i
](e Zt [ax] (71+enAr‘cTan[ax])] 4

l+— ](—Jl+<e

309 ArcTan[ax]? Log]|
2 2

i 1.
1 ) e_;JlAr*cTan[ax i ArcTan[a x] ) ] B

309 rtArcTan[a x| Log[lef“ma"[”] ((1+1)+ (1-1) e ArcTantax])]
2

309 ArcTan[ax]? Log[le%“””a“[“] ((1+4)+ (1-1) etdrcTaniax)]
2

309 T ArcTan[ax] Log[-Cos[~ (m+2ArcTan[ax])]] +

F N

1 1
518 Log[Cos[g ArcTan[a X] ] - Sin [ g ArcTan[a x] } ] -
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1 1
309 ArcTan[ax]? Log[Cos| ~ ArcTan[ax] | - Sin|[ = ArcTan[ax] || -
2 2

1 1
518 Log[Cos[; ArcTan[ax] | +Sin] N ArcTan[ax] || +

) 1 ol
309 ArcTan[a X] Log[Cos[gAr‘cTan[a x}] +Sln[;Ar‘cTan[a X] H +

309 rArcTan[ax] Log[Sin[ = (r+2ArcTan[ax])]]| - 618 i ArcTan[a x]

1
4
PolylLog {2, _j elArcTan[ax] ] +618 i ArcTan[a x] PolylLog {2“ i el ArcTan[ax] ] +
618 Polylog [3, _j eliArcTan[ax] } - 618 PolyLog [3) i eiArcTan[ax] ]

1
53760
2 ArcTan[ax
4 ArcTan[a X
618 ArcTan [
633 ArcTan [

(1+a2x2)3 c (1+a®x*) (-4116ArcTan[ax] - 3648 ArcTan[ax]> +

(-3131+ 896 ArcTan[ax]?) Cos[2ArcTan[ax]] -

(691 + 560 ArcTan [a x]?) Cos[4 ArcTan[ax]] -

x] Cos[6ArcTan[ax]] -404Sin[2 ArcTan[ax]] +

x]%25in[2 ArcTan[ax]] - 352Sin[4 ArcTan[a x] ] - 180 ArcTan[a x] 2

]
]
a
a

Sin[4 ArcTan[ax]] - 100 Sin[6 ArcTan[ax] ] + 309 ArcTan[a x]2Sin[6 ArcTan[a x] ] )

Problem 421: Result more than twice size of optimal antiderivative.

JXZ (c+a’cx?) >2 ArcTan[a x]3 dx

Optimal (type 4, 882 leaves, 108 steps):
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3/2
cVe+raZcx?  (c+atcx?) cxVc+a2cx? ArcTan[ax]

- - + +
30 a3 60 a3 12 a?
1 3 S 31cvVc+a?cx? ArcTan[a x]?
— cx’+/Cc+a“cx® ArcTan[aXx] + -
20 240 a3
19cx?+Vc+a?2cx? ArcTan[ax]? 1 4 L )
- —acx*y/c+a’cx® ArcTan[ax]?+
120 a 10
x\c+a?cx? ArcTan[ax]?® 7 3 . 3
+—cx3/c+a?cx? ArcTan[ax]3+
16 a2 24

1, . — , ic2V1va?x? ArcTan|[e*ArcTaniax] | ApcTan[a x] 3
“alcx’+/c+atcx? ArcTan[ax]3? + +
6 8a*+/c+alcx?

411 c?2+/1+a%?x? ArcTan[ax] ArcTan [ @]

Jitiax
60a3+/c+alcx?
3ic2+/1+a2x? ArcTan[ax]2PolylLog [2, — i etArcTan[ax] ]
16a3Vcralcx?
3ic?/1+a2x? ArcTan[ax]2Polylog|2, i e!ArcTan(ax] ]
16a3/c+aZcx?

411 c2~/1+a%x? Polylog|2, —@} 411 c?~/1+a%x? Polylog|2, @]
V1-1ax -iax

12023 Ve s a? cx ) 12022 Ve ratox

c2+/1+a?x? ArcTan[ax] PolyLog [3, ~ i etArcTan[ax] }
g8a*\c+alcx?

c2\/1+a*x? ArcTan[ax] PolyLog|3, i eArcTan(ax]
8a3+/c+acx?

3ic2V/1+a2x? Polylog[4, -ielAr<Taniaxi] 35 c2+/1+a2x? Polylog[4, i e!ArcTan(ax] |
ga2Craloxd 7 ga*cralcxl
Result (type 4, 4015 leaves):

+

+

1 c(1+a*x?) (-1+ArcTan[ax]?) 1
o .

a’ 4+/1+a%x? 2V1+a?x?
\Je(1+a®x?) (-ArcTan[ax] (Log[1-ie'ArcTan(@xl] _og[1+ietArcTaniax]]) —

i (PolyLog[ _j elArcTan[ax] } - PolylLog [2, i eliArcTan[ax] } > ) +

1 1 1
————/c (1+a*x?) (nz’Log[Cot[[Ar‘cTan[ax] 1] -
8V1+a2x? 8 2 12
iﬂz (E _ ArcTan[a x] (Log[l el (Z——Ar‘cTan[aX])] ~Log[1+ ot [5-ArcTan(ax)) ]] .
4 2
i (PolyLOg[L et [Tt ponyiog2, € (3*““““[”1)})) .

2

iﬂ ((1 — ArcTan[ax] (Log[l— ot (%—Ar‘cTan[aX])] B Log[l ‘el (Z—fAr'cTan[ax]) ]] .
2 2
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21 (E - ArcTan[a x] ) (PolyLog[Z, _ et [farcTantaxy) | - PolyLog|2, gl (F-ArcTantax)) ] ) +
2

2 7PolyLog[3, _et (;ifArcTan[a x])] N PolyLog[3, et (;LfArcTan[a x]) ] J) B
1 n 4 (1 Tt 4

8 —l[f—Ar'cTan[ax] +—1 7+—(77+Ar‘cTan[ax] -
64 2 4 2 2 2

| =

[E - ArcTan[a x] ) ’ Log[1 + ot (5-AncTan(ax] | ] -
2

a1 7
—+ — (—*+Ar‘cTan[ax1

b (Ji -~ Log[1+e®’ (5+5 (-5+arcTantax] ) ]) -
2 2 2

3 o1

Log {1 N eZJ‘L (;+; (—gﬁ-\r‘cTan[a x])) } .

1 s
+ = [—*+Ar‘cTan[a x]]
2 2

2
PolylLog[2, -e

i (%—Ar‘cTan[a x])] .

JU
i [— - ArcTan[a X]

2 (1
- (*Jr - [—*+Ar‘cTan[ax]
2 2 2

AjJw oo | w-— 0 |r
Ny

7T
—+ — (77+Ar‘cTan[ax])
2

T . o1

LOg[l + eZJ’l (%Jri— (—%+Ar‘cTan[ax])) ] . 1 i PolyLog[Z, 7@211 (;Jr; (—%+Ar‘cTan[ax])) ] ] .
2

3 701 7T 2 NEEY N
—i =+ = (—*+Ar‘cTan[ax} Polylog|2, _e?t a3 APCTan[aX]))] -
2 2 2 2
3 i (7
= (——Ar‘cTan[a x] | Polylog[3, -e 3 ArCTa”[ax])} -
4 \2
3 1 (n 1 7T 3 11 7T 2
-7 *1[7+7(77+ArcTan[ax] —[7+7(77+APcTan[ax]
2 3 2 2 2 2 2 2
N a1 Tt
Log[1+<e“(z s (-5 A"Ta”[ax]))] +1i (—+ - [——+Ar‘cTan[a x])
2 2 2

1

i pormten]) )

Zi(%+§(7§+Ar‘cTan[ax]))} 3

1
PolyLog[2, -e - = Polylog[3, -e
2

a1 7T
(7+ — (—*+Ar‘cTan[ax]
2 2 2

2 2

PolylLog[3, -’ (545 [-5+ArcTan(ax] || ]

AlwnN |w

i PolyLog [4, _eﬁ (/Z—K—Ar‘cTan[a x]) ] _ i i Polylog [4’ _(821'1 (/2—‘+;— (—/2‘—+Ar‘cTan[aX]>) ] ] ] :
4

c (1+a?x?) ArcTan[ax]?

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[iAr‘cTan[a x] | )4

+

c (1+a*x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)

16 \/1 + a2 x? (Cos[iAr'cTan[a X] ] - Sin[iAr‘cTan[a X] } )2

c (1+a*x?) ArcTan[a x]zsin[%Ar‘cTan[a x] |

8/1+a%x? (Cos[iAr‘cTan[a x] | —Sin[iAr‘cTan[a x] | )3

¢ (1+a2x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[iArcTan[a x] | )4
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c (1+a*x?) ArcTan[a x]ZSin[%Ar‘cTan[a x] |

+

8+V1+a2x? (cos[iAr‘cTan[a x}] +Sin[§Ar‘cTan[a X] ] )3

¢ (1+a*x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 +a%x? (Cos[iAr‘cTan[a x] } +Sin[§Ar‘cTan[a X] ] )2

c (1+a?x?) |Sin lAr‘cTan[a x] | - ArcTan[a x]2 Sin 1Ar‘cTan[ax]
(

2

(4\/1+62X2

( c (1+a?x?) (7Sin[1Ar‘cTan[ax]] +Ar‘cTan[ax]2Sin[lArcTan[ax}]

2

(4\/1+32X2

1 1
Cos [ — ArcTan[a X] } + Sin[— ArcTan[a X] ]

1 1
Cos| 5 ArcTan[ax] | - Sln[g ArcTan[ax] |

|/

2

) ;

2

|/

2

) ;

c (1+a2x?) (50-19ArcTan[ax]?) 1

240/ 1 + a? x?

19./c (1+a2x2)

+
1201 + a? x?

(ArcTan[ax] (Log[1- i etArcTan(ax]] _|og[1+ i elArcTaniax]]) ,
i (PolyLog|2, -i e'Ar<Tan(axl] _polylog[2, i e*ArTaniax]])) 4

1
—— Jc(1+a2 )
16 V1 +a?x?
3 (7
-7 — - ArcTan[a X]
4 2

1 1/
~ 7 Log[Cot [~ (— ~ArcTan[a X]
8 2 \2

J1+

(Log[l B e]’l (%—Ar‘cTan[ax])] B Log[l . (Ejl (%—Ar‘cTan[ax]) ]] .

i (PolyLog [2, _et (%—Ar‘cTan[a x]) } ~ PolyLog {2, ot (Z—‘—Ar‘cTan[a x]) } ) ) B

3 Tt
— 7 ((——Ar‘cTan[ax}
2 2

7
21 [f - ArcTan[a x]
2

2 (Log[l— ol (%ArcTan[ax])] B Log[l L et (;——Ar‘cTan[ax]) ]] .

(PolyLog [2, _et (%’APCTa”[aX]) } ~Polylog [2, et (E—ArcTan[a x]) } ) .

2 (—PolyLOg[B, et [iAreTaniax ] polyiog 3, e (?’A"CTB“[EX])])) .

2

7
[f - ArcTan[aXx]
2

2 2 2

1 ( (1 7
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2 2
3
(120\/1+a2X2 ]+

( ¢ (1+a*x?) (—Sin[lAr‘cTan[ax]] +13Ar‘cTan[ax]ZSin[1Ar'cTan[ax]]
2

2
3
[120\/1+32X2 ]+

( ¢ (1+a%x?) (—SGSin[EAr‘cTan[ax]} +19Ar‘cTan[ax]2Sin[lAr‘cTan[ax]}
2 2

[249x/1+a2x2 )

Problem 422: Result more than twice size of optimal antiderivative.
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Problem 423: Result more than twice size of optimal antiderivative.
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Problem 425: Result more than twice size of optimal antiderivative.
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J dx
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Optimal (type 4, 901 leaves, 37 steps):
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Viiax
Veratcox?
6ac2+/1+a2x2 ArcTan[ax]2ArcTanh [etArcTan(ax] |
VeraZox?

6iac2+/1+a2x? ArcTan[ax] Polylog [2, — gl ArcTan[ax] }
Ve+alcox?

9iac2+/1+a>x? ArcTan[ax]?Polylog[2, -i e!ArcTan(ax] |

2v/c+acx?

9iac2+/1+a?x? ArcTan[ax]2Polylog [2, i etArcTan(ax] ]
2v/c+acx?

6iac2+/1+a2x? ArcTan[ax] Polylog [2, @l ArcTan[ax] ]
Ve+atox?

3iac2y1+a2x? Polylog|2, - L¥2iax ] 34 5¢2+/1,a2x2 polylLog|2, L¥isiax
" ' yg[’m]_l ' ylog|2, T

VeraZex? Veratcox?
6ac2+/1+a2x? Polylog (3, -eihrcTaniax] |
Ve+atox?
9ac2+/1+a2x? ArcTan[ax] PolylLog [3, -1 etArcTan[ax] }
VeraZcox?
9ac?\/1+a?x? ArcTan[ax] Polylog[3, i e'ArcTaniax] |
VeraZox?
6ac2+/1+a2x2 PolylLog (3, elArcTaniax]] 9 j g2 \/1+a?2x? Polylog (4, -1 etArcTaniax] ]
VeraZox? Ve+atox?
9iac2+/1+a2x? Polylog [4, i el ArcTan(ax] }
Veratcox?
Result (type 4, 2686 leaves):

1 P 1
———————ac./c(1+a*x?) Csc|~ArcTan[ax] |
128 \/1 + a2 x2 2

7iamx 8iamdxArcTan[ax] 241iasn?xArcTan[ax]? 3
N ~ 64 ArcTan[ax]? -

V1 +ax? V1 +aZx? V1 +a?x?

+

+

+

+

+

+
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32ianxArcTan[ax]® 161iaxArcTan[ax]* 48a?xArcTan[ax] Log[lfje’“"”a”[ax]}
+ + N

Vi1+a?x? V1+a?x? J1+alxZ

96 anxArcTan[ax]2Log[1-1ie iArcTaniaxl| 833 x Log[1+ i e *ArcTan(ax] ]
- +

V1+a?x? 1+ alx?

64 axArcTan[ax]?Log[1+1i e tArcTan(ax] | 192 ax ArcTan[ax]2 Log|[1 - el ArcTaniax] |
+ +

ViraZx? Visalx?

8as?xLlog|[l+ielArcTanlaxl] 4842 xArcTan[ax] Log[1+ i elArcTaniax]|

VivaZx? Visalx®

96 a st X ArcTan [a X]Z Log{l +1 eiArcTan[ax]} 64 a X ArcTan [a X]3 Log{l +1 eiArcTan[ax]}

Vit Vizald

192 ax ArcTan[ax]2 Log[1 +eiArcTaniax]]  8a X Log[Tan[i— (m+2ArcTan[ax])] ]
+ +

V1 +a?x? Vitalx?

192 i1 axArcTan[a x] 2 PolylLog [2, _j @ iArcTan[ax] ]

V1 +aZx?

48 i anx (n-4ArcTan[ax]) PolylLog[2, i e fArcTan(ax] ]

V1 +a?x?

384 i axArcTan[ax] PolylLog[2, -e!Ar<Taniax]| 48 j an2 x PolylLog|2, - i etArcTan(ax] |

+ —_
V1+a?x? Ji:alx?

192 i astx ArcTan[a x] Polylog [2, _j elArcTan[ax] }

192 i ax ArcTan[a x]2 PolyLog [z, _j elArcTan[ax] ]

384 1 axArcTan[ax] Polylog [2, el ArcTan(ax] ]

V1 +a?x?

384 axArcTan[ax] PolylLog[3, -i e *ArcTanlax] | 192 a1 x PolylLog[3, i e iArcTan(ax]]

V1 +a?x? V1 +a?x?

384 axPolylog[3, —elArcTaniax]] 192 a s x Polylog[3, - i e!ArcTan(ax] |

+ —
V1+a?x? Vi1talx?

384 axArcTan[ax] Polylog[3, -ie!Ar<Taniax]| 384 axPolylLog[3, e!ArcTan(ax] ]|

+ _

V1+a?x? V1t aZx2

384 i axPolylLog[4, -i e iArcTanlaxl] 384 axPolylLog[4, -i eArcTaniax] ]|

V1 +aZx? V11 a2 x2

+

+

+

+

+

1 3./c(1+a%x?) ArcTan[ax]? 1
Sec[~ArcTan[ax]|+ac |- .

2 21 +a%x? V1 +a%x?

3 c <1+a2 XZ) (Ar‘CTan[aX] <Log|:1_]'le]'lAr‘CTan[aX]:| _Log[l_'_j_(eiAr‘cTan[ax]}) i
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i <>PolyLogv[2,‘ -1 e“f‘cTan[a*J] —7PolyLog[2, i @lArcTan(ax] 1))+
1

24/1+a%x?
3, 7T
— 7 ([——Ar‘cTan[ax}
4 2

C (1+a2x2)

1 1 (7
= n® Log[Cot [~ (——Ar‘cTan[ax})H +
8 2 \2

(Log[l _ et (%—Ar‘cTan[a X]) } _ LOg[l s el (%—Ar‘cTan[ax]) ] ) .

1 (POlyLOg {2’ 7@1.1 (%\_Ar‘CTan[ax]) ] — PolyLog [2’ @j (;—\—Ar‘cTan[a X]) ] ) ] _

3 7T
-7 [(*—Ar‘cTan[ax]

2 (Log[l et (’ZlfAr‘cTan[ax])} _ Log[l + el (g—ArcTan[ax]) ]) .
2 2

7T
211 (——Ar‘cTan[a X]

Polylog [2) _e]i (%—Ar‘cTan[a X]) ] ~ PolyLog [2, e]i (%—Ar‘cTan[a x]) ] ] .
2

5 (—PolyLog [3; _et (g—Ar‘cTan[a x]) } +Polylog [3, ot (g—Ar'cTan[a x]) } ) J .

4

1 7T
8 {J’l (*—Ar‘cTan[a X]

4 1 a1 7T
+ j(*+*(—*+Ar'cTan[ax}
64 2

4 2 2 2

%—Ar‘cTan[a x])} B 1

1 (o 3 i( 3. (71 7T
—(—7Ar‘cTan[ax]) Log[l+e = (1(—+—[7—+Ar‘cTan[ax]

8 \2 8 2 2 2
(o P 3
Log[1+e21 (;+§(-;+Ar‘cTan[aXJ))]) _ [£+ 1 (7£+Achan[aX] ) Log[
2 2 2
1+e’t (55 (’%A"Tan[ax]))] + 3 i (Z - ArcTan[a X] ’ PolyLOg[2, —e' (%ANTa"[aX])] +
8 2
3 ,(1, (1 7 2 (o1 7
e [—+ - (——+Ar‘cTan[ax] - (—+ = (——+Ar‘cTan[ax] ) Log |
4 2 2 2 2 2 2 2
21 (i+l (—1+Ar‘cTan[ax])) 1 21 (/—+l (—1+Ar‘cTan[ax]))
1+e 2 2 2 }+—1P01yLOg[2, -e 2 2 2 } +
2
2 . x

3, (er 1 [7Z+Ar‘cTan[a x]|| PolyLog[2, -e** (T%('?A"Tan[ax]))} -
2 2 2 2
3 (E—Ar‘cTan[a x]) PolyLog|[3, -e' (g’ANTa"[aX])] -
4 \2
3 1 (n 1 7 3 o1 7 2
e O I T (——+Ar‘cTan[ax] ) - (—+ = [——+Ar‘cTan[ax] Log|
2 3 2 2 2 2 2 2

1+e2t 30 (’%A"Ta"[ax]))} P 1 (— X ArcTan [ax] || Polylog|2,

2 2 2
_ezi (;+§ (—’2—‘+Ar‘cTan[ax]))} B l PolyLog[3, _e21'1 (2—'+1— (—%+Ar‘cTan[ax]))} B
2

3 (£+ 1 [—£+Ar‘cTan[a x]) PolyLog|3, _e?t (%%(’?A"Ta”[”]))] -
2 \2 2 2
i i PolyLog[4, _et (ngrcTan[ax])} _ E i PolyLog[4, _elt (;+§ (7§+Ar‘cTan[ax])) } ]J N
4 4

¢ (1+a?x?) ArcTan[ax]?

4+/1+ a2 x? (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )2

3. /c(1+a2x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]

24/1+a%x? (Cos[iAr‘cTan[a x]] —Sin[%Ar‘cTan[a x] H
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c (1+a?x?) ArcTan[ax]?

4+/1+a2x? (CosEAr‘cTan[a x] | +Sin[iArcTan[a x]])2

3 /c(1+a2x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]]

2V1+a%x? (CosEAr‘cTan[a x] | +Sin[iArcTan[a X] ])

Problem 428: Result more than twice size of optimal antiderivative.

Jx3 (c+a’cx?) >/2 ApcTan[a x]3 dx

Optimal (type 4, 798 leaves, 547 steps):

85c?xVc+atex? ?2x3+c+atcx? 1 s S
- - —ac?x’/c+atcx? -
12096 a3 240 a 504
6157 c2\/c+a?cx® ArcTan[ax] 47c?x?+c+a%?cx? ArcTan[aXx]
- +
60480 a* 30240 a?
67 c?x*c+a’cx? ArcTan[ax] 1 , , S
+—a“c x>/ c+a“cx® ArcTan[aXx] +
2520 84
47 c?xc+a?2cx? ArcTan[ax]? 205c?x3+/c+a%?cx?® ArcTan[ax]?
896 a3 4032 a
103ac?x>vc+a?cx? ArcTan[ax]? 1
[2x] - —a*c?x’+/c+a’cx® ArcTan[ax]?-
1008 24
1151 c3 V1 +a?x? Ar‘cTan[e“'"CTa“[“]] ArcTan[ax]? 2c2+/c+a%cx? ArcTan[ax]3
- +
1344 a* \/c + a% c x? 63 a*
2 2 2 2 3
c2x?+/c+a?cx? ArcTan[ax 5
[ax] + —c2x*+/c+a’cx? ArcTan[ax]3+
63 a2 21
19 2 2 6 2 2 3 1 4 2,8 2 2 3
—a’c?xb+fc+a’cx® ArcTan[ax]?+ —a*c?x®~/c+a%?cx® ArcTan[ax]>® +
63 9

1433 ¢>/2 ArcTanh [ 22X

[cra? cx? } 1151 c® /1 +a%2x% ArcTan[ax] Polylog [2, — i etArcTan(ax] ]
+

15120 a* 1344a*V/c+alcx?
1151 c3V/1+a*x? ArcTan[ax] PolylLog[2, i e'ArcTan(ax] |
1344 a*/c+a? c x?
115 c3 /1 + a2 x? Polylog|3, —ielAr<Taniax)|  115¢c3/1+a2x? Polylog[3, i etArcTan(ax] |
+
1344 a%*\/c +a% c x* 1344 a*\/c+a’ c x*

Result (type 4, 2044 leaves):
1 c? |- _r ¢ (1+a%x?) (11 smArcTan[a x] Log[2] -
at 40+/1+a2 x*

11 ArcTan[ax]? Log[1 - i e!ArcTaniax]] 4 17 ArcTan[ax]? Log[1 + i etArcTan(ax) | _
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11 ArcTan[ax] Log| D (—d s etAneTaniax)) ],

1 j] —31Ar‘cTan[ax
Z_ | e
2 2

]l) ~L i ArcTan[ax
e 2

— y —

i ArcTan[ax] _
S5 )]

11 ArcTan[ax]? Log| ] (-i+e

11 7 ArcTan[a x] Log[lef“ma”[a” ((1+4)+ (1-1) e ArcTantax])]
2

11 ArcTan[a x]? Log[le%“"““[”] ((1+4)+ (1-1) etdrcTaniax))]

N

11w ArcTan[ax] Log[-Cos|[~ (m+2ArcTan[ax])|] +

R

1 1
20 Log[Cos[;Ar'cTan[a x]] - Sin[;Ar‘cTan[a x]]] -

1 o1
11ArcTan[ax]? Log[Cos| ~ArcTan[ax] | - Sin[ = ArcTan[ax]]] -
2 2

1 1
20 Log[Cos[;Ar‘cTan[a x] |+ Sin[;Ar‘cTan[a x1]]+

1 o1
11 ArcTan[a Xx] 2 Log[Cos[f ArcTan[a x] ] +Sin [ — ArcTan[a Xx] } ] +
2 2

11w ArcTan[ax] Log[Sin[~ (r+2ArcTan[ax]) ]| - 22 i ArcTan[aX]

1
4
Polylog|2, -1ie'A"<T[ax]] ;22 j ArcTan[ax] Polylog|[2, i efArcTaniax]]

22 Polylog [3, _j eiArcTan[ax] } - 22 PolylLog [3, i @lArcTan(ax] ]

1
— (1+a° xz)2 c (1+a*x*) (15@ArcTan[ax] - 32ArcTan[ax]?+
960
8 ArcTan[ax] (27 +2@ArcTan[ax]?) Cos[2ArcTan[ax]] +
66 ArcTan[a x] Cos[4 ArcTan[ax]] +12Sin[2ArcTan[ax]] +
6 ArcTan[ax]2Sin[2ArcTan[ax]] +6Sin[4 ArcTan[ax]] -

33 ArcTan[ax]?Sin[4 ArcTan[ax]]) | +

1 1
—2c?

a* 1680 /1 + a2 x2

309 ArcTan[ax]? Log[1 - i e!ArcTan(ax]] 399 ArcTan[a x]? Log[1 + i elArcTan(ax] ] _

c(1+a%x?) (BOQJTAr‘cTan[a x] Log[2] -

7_7; (7]-l+(ej1Ar'cTan[ax]>]Jr

iy o1,
309 ArcTan[a x] Log| ] e ; LArcTan(ax]

309 ArcTan[a x]? Log]| ;+ i) o 5 HArCTan(ax] (_j+e“"”a“[ax]>] -
1 —lercTan[ax] . . i ArcTan[a x]
309 1 ArcTan [a x] Log[;ez ((1+i)+(1-1)e )] -

309 ArcTan[ax]? Log[le%“””a”[“] ((1+4)+ (1-1) etArcTaniax))]
2

309 T ArcTan[ax] Log[-Cos[~ (m+2ArcTan[ax])]] +

F

1 1
518 Log[Cos[; ArcTan[a X] ] - Sin [ ; ArcTan[a x] } ] -

, 1 1
309 ArcTan[ax]? Log[Cos| = ArcTan[ax]]| - Sin| 5 ArcTan[ax] || -
2
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1 1
518 Log[Cos[; ArcTan[ax] | +Sin| N ArcTan[ax]]|] +

1 o1l
309 ArcTan[ax]? Log[Cos[f ArcTan[a X] ] +Sin [ — ArcTan[a Xx] } ] +
2 2

309 rArcTan[ax] Log[Sin[~ (r+2ArcTan[ax])]]| - 618 i ArcTan[a x]

1
4
Polylog|[2, -ie!ArcTan(ax]] | 618 i ArcTan[a x] PolylLog|2, i e!ArcTan(ax]] ,
618 PolylLog[3, - i e*A™Ta"[2x] ] _ 618 PolyLog[3, i e*ArcTanlaxl ]|

1
53760
2ArcTan[ax] (-3131+896 ArcTan[ax]?) Cos[2ArcTan[ax]] -
4 ArcTan[ax] (691 +560ArcTan[ax]?) Cos[4ArcTan[ax]] -
618 ArcTan[a x] Cos[6ArcTan[ax]] -404Sin[2ArcTan[ax]] + 633 ArcTan[a x]?
Sin[2 ArcTan[ax]] - 352Sin[4 ArcTan[ax]] - 180 ArcTan[a x]%Sin[4 ArcTan[ax]] -

(1+a2x2)3 c (1+a*>x?) (-4116ArcTan[ax] - 3648 ArcTan[ax]>+

100 Sin[6 ArcTan[ax]] + 309 ArcTan[a x]2Sin[6ArcTan[a x] ] ) +

1 1 .
—c? ¢ (1+a*x?) (16407 ArcTan[ax]?Log[1- i e*ArcTaniax] ] _

at 120960 /1 + a2 x2

16407 ArcTan[ax]? Log |1 + i e*ArcTaniax]]

16407 7t ArcTan[a x] Log|
2 2

i i ‘
-—1ArcTan[ax .
) e 2 [ax] (_l+elArcTan[ax])] _

l+f 1(—1’1+e

16407 ArcTan[a x]? Log|
2 2

i 1y .
i ArcTan[ax rcTan
Jez [ ]lACB[&X])}

16407 7 ArcTan[a X] Log[lef“ma”[”] ((1+4)+ (1-1) ethrcTantax)) ],
2

2 1 -1iArcTan[ax] . . i ArcTan[ax
16407 ArcTan[ax]? Log[ ~ e 2 ((1+1)+(1-1)e fax1) ] -

N

1 1
25576 Log[Cos| — ArcTan[ax] | - Sin[ = ArcTan[ax]|] +
2 2
1 1
16 407 ArcTan[a x] 2 Log[Cos[;Ar‘cTan [ax]] - Sin{;Ar‘cTan fax]]] -
1 1
16407 ;t ArcTan[a X] Log[—Cos[;Ar‘cTan[a X] ] +Sin[;Ar‘cTan[a X] } ] +
1 1
25576 Log[Cos | — ArcTan[ax] | +Sin[;Ar‘cTan[a x]]] -
2

16407 st ArcTan[a X] Log[Cos[lAr‘cTan[a x] | +Sin[lAr'cTan[a x]]] -
2 2
1 1

16407 ArcTan[ax]? Log[Cos|[ = ArcTan[ax] | +Sin[ = ArcTan[ax]]|] +
2 2

32814 i ArcTan[ax] Polylog[2, -1 e!ArcTaniax]] _

32814 i ArcTan[a x] PolylLog[2, i e!ArcTaniax]] _

32814 Polylog[3, -1 e*A"T"[2x] ] | 32814 Polylog |3, i eArcTaniax]]
1

15482 880
288 ArcTan[a x] (3761 + 3792 ArcTan[a x]?) Cos[2ArcTan[ax]] -

(1+a2x2)4 ¢ (1+a*x%) (657578 ArcTan[ax] - 273408 ArcTan[a x]> +
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216 ArcTan[ax] (-2671+896 ArcTan[ax]?) Cos[4ArcTan[ax]] +
184160 ArcTan[a x] Cos[6ArcTan[ax]] +

161280 ArcTan[a x]3 Cos[6ArcTan[ax] ] + 32814 ArcTan[a x] Cos
74932Sin[2ArcTan[ax]] + 39222 ArcTan[ax]2Sin[2 ArcTan[a x
77908 Sin[4 ArcTan[ax]] - 88226 ArcTan[a x]2Sin[4 ArcTan[a x
36612 Sin[6ArcTan[ax]] + 19086 ArcTan[a x]2 Sin[6 ArcTan[a x

7238 Sin[8ArcTan[ax]] - 16407 ArcTan[a x]?Sin[8 ArcTan[ax]])

rcTan[ax]] +

8A
1+
1+
1+

Problem 429: Result more than twice size of optimal antiderivative.

sz (c+a’c XZ)S/Z ArcTan[a x]3 dx

Optimal (type 4, 1019 leaves, 293 steps):
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13c2+/c+a2cx? 3C(C+a2cx2)3/2 <c+a2cx2)5/2

- +

6720 a3 560 a3 280 a3
43c?xVc+a’cx? ArcTan[ax] 29 , . P
+ c x>/ c+a“cx® ArcTan[a X] +
1344 a2 560
1, ., S 1373 c?V/c+a?cx? ArcTan[ax]?
—a‘c x>/ c+a“cx® ArcTan[aXx] + -
56 13440 a3
737 c?x?>Vc+a%?cx? ArcTan[ax]? 83 - P 5
- ——ac x"y/c+a‘cx® ArcTan[ax]“ -
6720 a 560
3 5c2xc+a2cx? ArcTan[ax]?
—atc?xb+/c+atcx? ArcTan[ax]?+ [ax] +
56 128 a2
59 5.5 ] 2 .2 3 17 5 55/ 2 .2 3
— Cc°X c+a“cx® ArcTan[ax]’+ —a“cx c+a“cx® ArcTan[ax]” +
192 48
1 5ic?+/1+a?x? ArcTan[e!ArcTaniax] | ArcTan[ax]3
—a*c?x’+Jc+a’cx® ArcTan[ax]3+ +

8 64a3/c+aZcx?
397 i c3+/1+a2x? ArcTan[ax] ArcTan [ %}
8402’ VcraZcx?

15i c3V/1+a2x? ArcTan[ax]?Polylog[2, - i e!ArcTan(ax] |

128a3craZcx?
151 c3+/1+a2x2 ArcTan[ax]2PolylLog [2, i efArcTan(ax] ]

128a3Vc+alcx?
397 i 2 V1+a?x® Polylog[2, - L1125 | 3974 ¢3/1+a?x? Polylog[2, “Liiax |

+

+

l-iax l-iax

1680 a3/ c + a2 c x? 1680 a3/ c + a? ¢ x?
15c3+/1+a2x2 ArcTan[ax] PolylLog[3, -i elArcTaniax]|

64a3+/c+acx?
15 c3 /1 + a2 x? ArcTan[ax] PolylLog [3, i et ArcTan(ax] }
64a3+/c+acx?
151 c3/1+a?x? Polylog[4, —ielArcTaniaxl] 154 c3+/1+a%x? Polylog[4, i eArcTan(ax|
64a3/c+aZcx? 64a3/c+alcx?

Result (type 4, 6517 leaves):

+

1 ¢ (1+a2x?) (-1+ArcTanl[ax]?) 1
=2 .

a’ 4/1+azx? 2+/1+a2x?
\Je(1+a®x?) (-ArcTan[ax] (Log[1-ie'ArcTan(axl] _jog[1+ i etArcTaniax]])

i (PolyLog|2, -ie'Ar<Tan(axl] _polylog[2, i e*ArcTaniax]])) 4

1
81+ a?x? H_

c (1+a?x?) [—17r3 Log[Co‘c[l [E—Ar‘cTan[a x]
8 2 \2
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3 (7
— 7T ((*—Ar‘cTan[ax]
4 2

i [Potytog[2, ~e* [ ] | poryiag[2, ef [remien) )|

(Log[l _ et (Z——Ar‘cTan[ax])] B Log[l ; et (g—Ar‘cTan[ax]) ]] .

3 2

Jt
— T ((——Ar‘cTan[ax}

(Log[l 3 (Ej (;——ArcTan[ax])] B LOg[l . e]’L (2—Ar‘cTan[ax]> ]] .
2 2

U T
2i (f - ArcTan[a x] cAeTan(ax )] polyiog|2, e +

(PolyLog [2, _et (
2

i (E—Ar‘cTan[a x]) } )

2 (fPOlyLog {3) 7@1 (%—Ar‘cTan[ax]) ] + PolyLog [3, (Ej (%—Ar‘cTan[a X]) ] ] ) _
4 4
+—1

4

VA
- —+ArcTan[ax]
2

— 4 —

1 T
8| —1 [—7Ar‘cTan[ax}
2 2

711(
2

1 3 (n
i [E—APcTan[ax]J LOg[1+el (TAr*cTan[ax])] _
8 \2
ln3 (I’L [z+ 1 (—£+ArcTan[a X] —Log[1+<ezjl (%%(%Mrcmn[ax]))]) -
8 2 2 2
3 o ”
(£+ 1 [7£+Ar‘cTan[a X] Log[lJrgeZJL (?*%(’?*A"Ta”[ax]))} +
2 2 2
i - 2 i (Q—Ar‘cTan[ax])
1[ - ArcTan[ax]| PolylLog[2, -e' |2 |+
8 2
3, (1 (1o 2 (x 1 7
- | —1 (7+ — (—*+ArcTan[ax]) - (*Jr — [—*+Ar‘cTan[ax])
4 2 2 2 2 2 2 2
Log[1+e“ (g+§(7%+Ar‘cTan[ax]))] N 1 i PolyLog[Z, 7@21‘1 (Z+i(2+Ar‘cTan[ax]))]] .
2
1 2 e n
3 i [E + = (—z +ArcTan[a x] PolyLog|2, —e?! (?%(7+APCTan[aX]))] -
2 2 2 2
3 I
= [E - ArcTan[a x]) PolyLog[3, -e’ <7A"Tan[ax])} -
4 \2
3 1, (nm 1, 7 3 (1 2
— 7T —1[—+—(——+Ar‘cTan[ax} —[—+—(——+APcTan[ax]
2 3 2 2 2 2 2 2
Log[1+eu (%%(f%ArcTan[aX]))] i (£+ l [—£+Ar~cTan[a X])
2 2 2

o1

PolyLog[Z, _elt (2—+; (—%+Ar~cTan[ax]))} 3 1 PolyLog[B, _e2t (%; (-%Ar‘cTan[ax])) }) _
2

Polylog[3, —e2' (372 [F3oAreTantaxi) ]

a1 7T
[7+ - (77+Ar‘cTan[ax]
2 2 2

3
2
E i PolyLog [4, _et (%—Ar‘cTan[a x]) ] B i i Polylog [4, _elt (§+i— (—2+Ar‘cTan[aX])) ] ] ] :
4 4

¢ (1+a?2x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )4

c (1+a*x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)

16 V1 +a%x? (Cos[iAr‘cTan[a X] ] - Sin[iAr‘cTan[a x] } )2
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c (1+a*x?) ArcTan[a x]ZSin[%Ar‘cTan[a x] |

8/1+a%x? (Cos[iAr‘cTan[a x] | —Sin[iAr‘cTan[a x] | )3

c (1+a*x?) ArcTan[ax]?

+

16 V1 +a%x? (Cos[iAr‘cTan[a x]] +Sin[iArcTan[a x] } )4

c (1+a2x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

+

8+/1+a2x2 (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] | )3

c (1+a?2x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x]])2
( c (1+a?x?) (Sin[lAr‘cTan[a x]| - ArcTan|a x]ZSin[lAr‘cTan[a x]]))/
2 2
(4x/1+a2x2 )+

( c (1+a?x?) (—Sin[lAr‘cTan[ax]] +Ar‘cTan[ax]2Sin[lAr‘cTan[ax}]

2 2
(4\/1+62X2 ) +

1 1
Cos|~ArcTan[ax] | + Sin[; ArcTan[ax] |

|/

1 1
Cos [ ; ArcTan[a Xx] } - Sin[g ArcTan[a X] ]

¢ (1+a?2x?) (56-19ArcTan[ax]?)

2
C +
240 /1 + a? x?
1
120 V1 + a2 x?

19+/c (1+a*x?)
(Ar‘cTan [aX] (Log[l _i eﬁAf‘CTan[aX]] _ Log[l + 1 elArcTan(ax] ” .
i (Polylog[2, -i e*A"Ta(ax)] _polylog[2, i e Ar<Taniaxl )} ,

1 7 2 1 g 1
——————Jc(1+a’x?) | Log[Cot[—[——Ar‘cTan[ax} 1]+
16 V1 + a? x? 8 2 \2
iﬂz ((lfAr‘cTan[ax] (Log[l—ej (g-ArcTan[ax])] B Log[l+ei (g-ArcTan[ax])]] +
4 2

i

Polylog [2, _et (%7Ar-cTan[a x]) } _Polylog {2’ et (%7Ar-cTan[a x]) } ) ) B

3 s
-7 ((* - ArcTan[a x]
2 2

2 (Log[l— ol (%Ar‘cTan[ax])] _ Log[l ; el (g—Ar‘cTan[ax]) ]] .

Tt
21 [— - ArcTan[a X]
2

2 (—PolyLog 3, _e* (FareTantax) | +PolyLog|3, el [3-ArcTan(ax)) ] ) ) +

i 4 1 (n 1 7 4
8 71(*—APCTan[aX1) +*1(*+*(—*+APCT3H[3X]]) -
4 2 2 2

(PolyLog [2, el (5-ArcTan(ax] ) } - Polylog [2) ot (4-ArcTan(ax ) } ) .
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1 (x 3 P (7o
= (**AF‘CTan[a x]| Log[1l+e 5 A"CTa”[aX])] -
8 \2
1 a1 s N
= (Ji [—+ = (——+Ar‘cTan[ax} —Log[1+ce2]l (33 (-3 A"CTE”[”]))]) -
8 2 2 2
a1 T 3 YR
(—Jr = [7—+Ar‘cTan[a x]|| Log[1l+e®* (T?('TA"TW”]))} +
2 2 2
3 7 2 P
=1 (*—Ar‘cTan[a x] | PolyLog[2, -e' (5 APCTa"[aX])] +
8 2
3 (1, (n 1 7 2 o1 7
— T —1(—+—(——+Ar‘cTan[ax]) —(—+—[——+Ar‘cTan[ax])
4 2 2 2 2 2 2 2

o1

Log[1+e®! 5+ (’ﬁ*A"T‘"”[“]))] N PolyLog[2, -e*' (5+3 [-5+arcTantaxi ]J +
2

2

3, {1 L (7 ~ i ArcTan[ax] || Polylog|2, - €' 53 ('3*“””3”[”]))] -
2 2 2 2
3 [I - ArcTan[ax] | PolyLog[3, - (g’A"CTa"[ax])} -
4 \2
3 1 (1 1 7 3 o1 7 2
“al=1 [—+— (——+Ar‘cTan[ax}) - [—+— (——+Ar‘cTan[ax})
2 3 2 2 2 2 2 2
2i (1+1(71+Ar~cTan[ax])) (o1 7T
Log[l+e” 127212 ]+1(7+7[77+ArcTan[ax])
2 2 2
21 <i+l(—i+Ar‘cTan[ax])) l 21 (1+1<—1+Ar‘cTan[ax]))
Polylog|[2, -e°" 272 |72 | - = Polylog[3, -e " 272 12 1| -
2
3 (E + 1 (— X +ArcTan[ax] | | PolyLog|3, _e?t (%+§(’%*ArCTa”[aX]))} -
2 \2 2 2
2 i polyLog[a, —e* [ir2a] ) 2 4 po1yioga, -2t (573 [Fmareranian] )] ]] +
4 4

\J¢€ (1+a*x?) ArcTan[ax]?

48 /1 + a2 x2 (Cos[%Ar‘cTan[a x] | —Sin[iAr‘cTan[a x] | )6

+

¢ (1+a?x?) (ArcTan[ax] -ArcTan[ax]?-5ArcTan[ax]?)

+

801 +a2x2 (Cos[%Ar‘cTan[a x]] —Sin[%Ar‘cTan[a x] | )4

( c (1+a*x?) (-2-52ArcTan[ax] +26ArcTan[ax]?+15ArcTan[a x]3))/
2
{480x/1+a2x2 ]

¢ (1+a?x?) ArcTan[ax]? Sin[iAr‘cTan [ax] |

1 1
Cos| ; ArcTan[ax] | - S:Ln[g ArcTan[ax] |

40+/1 + a2 x? (Cos[%Ar‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )5

¢ (1+a?x?) ArcTan[ax]?

+

48+/1 + a2 x? (Cos[%Ar‘cTan[a x]] + Sin[%Ar‘cTan[a x] | )6
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c (1+a2x?) ArcTan[ax]? Sin[%Ar‘cTan [ax]]

+

401 + a? x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a x] } )5

c (1+a*x?) (-ArcTan[ax] - ArcTan[ax]?+5ArcTan[ax]?)

+

80V/1+a?x* [Cos[%ArcTan{ax]]+Sin[2ArcTan(ax]])*
( c (1+a®x*) (-2+52ArcTan[ax] +26ArcTan[ax]?-15ArcTan[a x]3))/
30 [t ik
( c(1+a%x?) (SOSin[iAPcTan[a x]| -19ArcTan|a X]ZSin[lAr‘cTan[a x] |

2
(240x/1+a2X2 )+

( c (1+a?x?) (Sin[%Ar‘cTan[a x]] - 13 ArcTan|a X}ZSin[iAr‘cTan[a x] |
120 ot ik
( c (1+a?x?) (—Sin[iAr‘cTan[a x]| +13ArcTan|a X]ZSin[iAr'cTan[a x] |
120 it )

( ¢ (1+a%x?) (—SOSin[EAr‘cTan[ax]} +19Ar‘cTan[ax}2Sin[lAr‘cTan[ax]}
2 2

(240x/1+a2x2 ) +

1 1
Cos|[~ArcTan[ax] | + Sln[; ArcTan[ax] |
2

|/

1 1
Cos [ ; ArcTan[a x] ] - Sin[g ArcTan[a x] ]

|/

1 1
Cos|[~ArcTan[ax] | + Sln[; ArcTan[ax] |
2

|/

1 1
Cos|=ArcTan[ax] | - Sin{; ArcTan[ax] |
2

|/

1 1
Cos|~ArcTan[ax] | +Sin|[ = ArcTan[ax] |
2

c(1+a?2x?) (-567+89ArcTan[ax]?) 1
3360 V1+a2x? 1680 V1 + a2 x?

89./c (1+a’ XZ)
(ArcTan[ax] (Log[1- i elArcTan(axl] _|og[1 + i elArcTaniax]]) o
1 (PolyLog[z, _i e]’LArcTan[ax]} —PolyLog[Z, i eiArcTan[ax]})) B

1 5 (1 1 (n
———————5./c(1+a’x?) | =n’Log[Cot|[= |~ -ArcTan[ax]|]]+
128 V/1 + a? x2 8 212
iﬂz ( E—Ar‘cTan[ax]] (Log[l—eﬁ (%—Ar‘cTan[ax])] _ LOg[l-%—(ei (g—Ar‘cTan[ax])]] .
4 2

i (PolyLOg[Z, et (%’APCTa“[aX])} - Polylog[2, e’ (%*A“Ta“[a”)})) _

3 s 2
— 7T ((*—Ar‘cTan[ax}
2 2

Log[l et (%ArcTan[ax])] ~ Log[l ‘el (%—Ar‘cTan[ax]) ]] .

7
21 (f - ArcTan[a x]
2

(PolyLog [2, _et (%—Ar‘cTan[a x]) } ~Polylog {2“ ot (%—Ar‘cTan[a x]) } ) .
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2 (—PolyLog[B, et (3""‘”3“[“])] +Polylog|3, e (3"""”3“[“])])) +

4

1 4 (1 7T
8 fl[f—Ar'cTan[ax] +—1 7+7(—7+Ar‘cTan[ax] -
64 2 4 2 2 2
1 T 3 1 (Lo
= [——Ar‘cTan[ax]) Log[1+e 5 APCTa"[aX])] -
8 \2
1 T 1 7T P (mer(om,
= (Ji 7+7(—7+Ar‘cTan[ax} —Log[1+e“(z z(zAPCTan[ax]))]J—
8 2 2 2
w1 n 3 W EPEN RN
(*+f (—7+Ar‘cTan[ax]] Log[1+e“(z (3 Arcmn[ax]))} +
2 2 2
3 T 2 1 (2o
i [—7Ar'cTan[a x]| PolylLog[2, -e (3 A"Tan[“])] +
8 2
3 ,(1 . (n 1 »x 2 (x 1 7
— T *1(7+7(—7+ArcTan[ax]) —(*+*[—*+ArcTan[ax]
4 2 2 2 2 2 2 2

. o1

LOg[l + eZJ’l (%Jr% —%+Ar‘cTan[ax]))] . 1 i PolyLog[Z, 7@211 (;Jr; (—%+Ar‘cTan[ax])) ]] .
P

2 n -
3, [E L1 (— Z . ArcTan|a x}) PolyLog[2, -€' 5+ (7#\“”“[”]))] -
2 2 2 2
3 (E - ArcTan[ax] | PolyLog[3, _et (%’A"Ta”[ax])} _
4 \2
3 1 (7 1 7T 3 11 7T 2
— T *1[7+7(77+ArcTan[ax] —[7+7(77+APcTan[ax]
2 3 2 2 2 2 2 2

LOg[l-%—(ezjl (%+§(—%+Ar‘cTan[aX]))] i1 (£+ 1 (—£+Ar‘cTan[a X])

2 2 2
PolyLog[Z, 7@211 (%% (7§+Ar~cTan[ax]))} _ 1 PolyLog[3, 7@21‘1 (%+§ (—%ArcTan[ax})) }) B
2
3 {E + 1 (— a +ArcTan[ax] | | PolyLog|3, _et (%*%(’E*A"Ta”[ax]))} _
2\2 2 2
i . i (Q—Ar‘cTan[ax]) i . 21 (1+1— (—"—+Ar‘cTan[a x]))
iPolyLog[4, -e' |2 | - = iPolyLog[4, -e " l272 1z e

4 4

c (1+a?x?) ArcTan[ax]?

+

128/1+a2x? (Cos[iAr‘cTan[a x] | 7Sin[§Ar‘cTan[ax}])8

(«/c (1+a®x*) (6ArcTan[ax] - 9ArcTan[ax]*-98ArcTan|a x]3))/
[2688x/1+a2 x? 6) +
( c(1+a®x*) (-4-178ArcTan[ax] +178 ArcTan[ax]?+525ArcTan[a x}3))/
{8960x/1+a2 x? 4) +
( c (1+a®x%) (17@+2438ArcTan[ax] - 1219 ArcTan[ax]? - 525 ArcTan[a x13))/

{26 880 /1 +a?x?

1 o1
Cos|~ArcTan[ax] | - Sin| 5 ArcTan[ax] |
2

1 o1
Cos| ~ArcTan[ax] | - Sin| 5 ArcTan[ax] |
2

1 1 2
Cos{;Ar‘cTan[a x] | —Sin[;Ar‘cTan[a x]]) J -
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3./c(1+a2x?) Ar‘cTan[ax]2Sin[iAr‘cTan[ax]}

448 \/1 + a? x2 (Cos[iAr‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )7

/¢ (1+a%x?) ArcTan[ax]?

128 /1 + a2 x? (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )8

3./c(1+a%x?) Ar‘cTan[ax]zSin[%Ar‘cTan[ax]}

448 /1 + a? x? (Cos[iAr‘cTan[a x]} +Sin[§Ar‘cTan[a X] ] )7

( c(1+a’*x*) (-6ArcTan[ax] —9Ar‘cTan[ax12+98Ar‘cTan[ax13))/

[2688 A/ 1+ a%x?

( c(1+a®x*) (-4+178ArcTan[ax] +178 ArcTan[ax]?-525ArcTan[a x}3))/

4
(8960x/1+a2 x? J +

( c (1+a®x%) (17@-2438ArcTan[ax] - 1219 ArcTan[ax]?+525ArcTan[a x13))/

{26 880 /1 +a?x?

( c(1+a%x?)

(1344@ A/ 1+ a%x?

( ¢ (1+a*x?) (ZSin[EAr‘cTan[ax]} —89Ar‘cTan[ax]2Sin[lAr‘cTan[ax]}

2 2
{224@ A/ 1+a%x?

5

J+
2.2 . 2cs 11

( ¢ (1+a%x?) (56751n[7Ar‘cTan[ax]}—89ArcTan[ax] Sln[fAr‘cTan[ax]]))/

2 2
(3360x/1+a2 X2 J +

( ¢ (1+a*x?) (—567Sin[lAr‘cTan[ax}] +89Ar‘cTan[ax]2Sin[lAr'cTan[ax}]

2 2
(3360x/1+a2 X2 ) +

( ¢ (1+a%x?) (—ZSin[lAr‘cTan[ax}] +89Ar‘cTan[ax]2Sin[1Ar'cTan[ax}]

2 2
(224@ A/ 1+a%x?

5
J+
22 .l 2cinrl
c (1+a?x?) |-170Sin|[ = ArcTan[ax] | + 1219 ArcTan[ax]?Sin|[~ ArcTan[ax] |
2 2

6
+

1 o1
Cos|~ArcTan[ax] | +Sin]| 5 ArcTan[ax] |
2

1 o1
Cos| ~ArcTan[ax] | +Sin| 5 ArcTan[ax] |
2

1 1 2
Cos{;Ar‘cTan[a x] | +Sin[;Ar‘cTan[a x]]) J +

1 1
170 Sin [ — ArcTan[aXx] } - 1219 ArcTan[a x] 2 Sin[f ArcTan[a X] ]
2 2

|/

1 1 3
Cos| = ArcTan[ax] | —Sin[;Ar‘cTan[a x]]) ) +
2

)/

1 1
Cos |~ ArcTan[ax] | +Sin| 5 ArcTan[ax] |
2

1 1
Cos[; ArcTan[ax] | +Sin] S ArcTan[ax] |

|/

1 1
Cos[; ArcTan[ax] | - Sin] ; ArcTan[ax] |

|/

1 1
Cos|[ = ArcTan[ax] | - Sin| ; ArcTan[ax] |
2

|/

| a9
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[1344@ A/ 1+ a%x?

1 1 3
Cos |~ ArcTan[ax] | +Sin[;Ar‘cTan[a x] ]) )
2

Problem 430: Result more than twice size of optimal antiderivative.

Jx (c+a? cxz)S/zAr‘cTan[a x]3 dx

Optimal (type 4, 561 leaves, 22 steps):
17c2x~/cratcx?  cx(c+atex?)?? 15¢2-/c+a’cx? ArcTan[ax]
- - +

+

420a 140 a 56 a2
5c(c+a?cx?)’?ArcTan[ax] (c+a?cx?)®?ArcTan[ax] 15c2x+/c+a?cx? ArcTan[ax]?
84 a2 i 35 a2 ) 112a )
5cx (c+a?ex?)¥?ArcTan[ax]?  x (c+a?cx?)?ArcTan[ax]?
56 a . 14 a i
151 c3/1+a%x? ArcTan[elAr<Taniax] | ArcTan[ax]?  (c+a?cx?)”/?ArcTan[ax]?
N _
56 a2/ c + a? ¢ x? 7a%c
av/c x
3762 Ar‘cTanh[m} 151 c3+/1+ a2 x2 ArcTan[a x] PolylLog[2, - i e!ArcTaniax] |
120 22 7 N +
151 c3/1+a2 x2 ArcTan[a x] PolyLog[Z, i e“’“”a”[“]]
N
56a2+/c+alcx?
15 V/1+a2x? Polylog|3, -i e'ArcTan(axl]  15¢3/1+a%x? Polylog|3, i eArcTen(ax |
56a2+/c+alcx? s6a2/c+alcx?

Result (type 4, 1871 leaves):

o2

a’ 2V/1+a2x?

c(1+a%x?) (JTAr‘cTan[a x] Log[2] - ArcTan[ax]? Log[1 - i e!A"<Tan[ax] ] , AprcTan[a x]?
Log[1+i e!ArcTanlaxl] _rArcTan[ax] Log| |- = - 3) o 7 LArcTan ax] (~i+eArcTaniax)) ],

2

ArcTan[ax]? Log| (-i +etArcTantax)) ) _

— 5 —

i J —1—1'1Ar'cTan[ax]
e 2
2 2

stArcTan[a x| Log[le%“"”a”[”] ((1+1)+ (1-1) e ArcTantax)] _
2

ArcTan[a x]? Log[le%j”dan[ax] ((1+d)+ (1-1) etAreTanlax]) |4 rArcTan [a x]
2

1 1 o1
Log[—Cos[Z (7T+2Ar‘cTan[a XJ)H +2Log[Cos[£Ar‘cTan[a x}] —Sln[gArcTan[a x]]] -

) 1 o1
ArcTan[a Xx] Log[Cos[f ArcTan[a Xx] ] - Sln[g ArcTan[a x] ] ] -
2
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1 1
2 Log[Cos[;Ar‘cTan[a x] |+ Sin[EAr‘cTan[a x1]] +

1 o1
ArcTan[ax]? Log [Cos[f ArcTan[a x] ] + Sln[* ArcTan[a x] ] ] +
2 2

1
nArcTan[ax] Log[Sin[~ (m+2ArcTan[ax])|] -

4
2 i ArcTan[ax] PolyLog[2, -i e!A"T@n(@ax]] 2 j ArcTan[a x] Polylog|2, i elArcTan(ax]]
2Polylog[3, - i e*ArTaniaxl] _ 2 polylog[3, i e ArcTanlax]] ) +

— (1+a®x*) y/c (1+a®x*) ArcTan[ax] (6+4ArcTan[ax]?+
12

6Cos[2ArcTan[ax]] -3 ArcTan[ax] Sin[2 ArcTan[a x] ] ) ) +

1
72(:2
a2

1

40 /1 + a% x2

11ArcTan[ax]?Log[1 - i e!ArcTanlax] ;17 ArcTan[ax]? Log[1 + i e*ArcTan(ax)|

c(1+a*x?) [117rAr'cTan[a x] Log[2] -

11w ArcTan[ax] Log|
2 2

i -1 ArcTan[ax . i
](E ;1 [ax] (_1+enArcTan[ax])] .

1 :
—+ — -i+e

2 2

11 st ArcTan[a X] Log[le’i’ﬁ””a”[ax] ((1+1)+ (1-1) etAreTaniax])] _
2

iy o1
11Ar‘cTan[ax]2 Log[ ) e 2J1Ar‘cTan[ax] (

i ArcTan[ax] ) ] _

11ArcTan[ax]> Log[ FHARCTANGX] (1L 5) 4 (1o 4) eiArcTaniax])]

N

11w ArcTan[ax] Log[-Cos|[~ (m+2ArcTan[ax]) || +

R

1 1
20 Log[Cos |~ ArcTan[ax]] - Sin[ = ArcTan[ax] || -
2 2
1 o1
11 ArcTan[a x]? Log[Cos [~ ArcTan[ax] | - Sin[ = ArcTan[ax] || -
2 2
1 1
20 Log[Cos[gAr‘cTan [ax] ] + Sin[;Ar‘cTan[a X] } ] +
, 1 1
11 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | + Sln[;Ar‘cTan[a x1]|]+
2
11 rArcTan[a X] Log[Sin[1 (m+2ArcTan[ax])|] - 221iArcTan[ax]
4
PolyLog[2, - i e*ArcTan(ax]] 4 22 j ArcTan[a x] PolylLog|2, i e!ArcTaniax]] ,
22 Polylog|[3, -i e!Ar<Tanlaxi] _ 22 polylog|3, i e*ArcTaniax]|

1
— (1+a° x2)2 c (1+a*x%) (15@ArcTan[ax] -32ArcTan[ax]?+
960

8 ArcTan[ax] (27 +2@ArcTan[ax]?) Cos[2ArcTan[ax]] +
66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2 ArcTan[ax]] +
6 ArcTan[a x]2Sin[2ArcTan[ax]] + 6 Sin[4ArcTan[ax]] -

33 ArcTan[ax]?Sin[4ArcTan[ax]]) | +




52 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

1 1
s

a? 1680 /1 + a2 x2

309 ArcTan[ax]?Log |1 - i e!ArTan(ax]] , 399 ArcTan[a x]? Log[1 + i e'ArcTan(ax]] _

¢ (1+a%x?) (309ﬂAr‘cTan[a x] Log[2] -

2

1 ) ~L4 ArcTan[ax]
e (

= 7j+ejArcTan[ax])]+

iy i,
309 st ArcTan[a X] Log[ ] e 7 iArcTanax] (

309 ArcTan[ax]? Log]| i+ etAreTan(ax]) ] _

— 5 —

309 rArcTan[a x] Lo 1 tiarctaniax) i _ i) eiArcTanfax]) ] _
g[-en ((1+i)+(1-i)e )]
2

[y

309 ArcTan[a x}zLog[—e%“"Ta”[ax] ((1+4)+ (1-1) etprcTaniaxy]

N

309 rArcTan[ax] Log|-Cos[~ (m+2ArcTanlax]) ]| +

|

1 1
518 Log[Cos[g ArcTan[ax] | - Sin| N ArcTan[ax] || -

, 1 1
309 ArcTan[ax]? Log[Cos| = ArcTan[ax]]| - Sin| ; ArcTan[ax] || -
2

1 1
518 Log[Cos |~ ArcTan[ax] | +Sin| ; ArcTan[ax] || +
2

1 o1
309 ArcTan[a x]? Log[Cos| ~ ArcTan[ax] | +Sin| =~ ArcTan[ax] || +
2 2

309 T ArcTan[ax] Log[Sin[~ (r+2ArcTan[ax])]]| - 618 i ArcTan[a x]

1
4
Polylog[2, -ie*A™Ten(ax]] , 618 i ArcTan[ax] Polylog|2, i etArcTan(axi]
618 PolylLog [3) _{ @lArcTan[ax] } - 618 PolyLog [3, 1 elArcTan[ax] ] _

1
53760
2ArcTan[ax] (-3131+896 ArcTan[ax]?) Cos[2ArcTan[ax]] -

4 ArcTan[ax] (691 +56@ArcTan[ax]?) Cos[4ArcTan[ax]] -

618 ArcTan[a x] Cos[6ArcTan[ax]] -404Sin[2ArcTan[ax]] +
633 ArcTan[ax]?Sin[2 ArcTan[ax]] - 352Sin[4 ArcTan[a x] ] - 180 ArcTan[a x] 2

(1+a2x2)3 c (1+a*>x?) (-4116ArcTan[ax] - 3648 ArcTan[ax]>+

Sin[4 ArcTan[ax]] - 100 Sin[6 ArcTan[a x]] + 309 ArcTan[a x]2Sin[6ArcTan[a x] ] )

Problem 431: Result more than twice size of optimal antiderivative.

J(c +a’ cxz)'r’/2 ArcTan[ax]3dx

Optimal (type 4, 870leaves, 23 steps):
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3/2
17c¢2Vcralcx? ¢ (c+atcx?) 17 )
- - + —c?x/c+a’cx? ArcTan[ax] +

ch (c+a2cx2)

20

5c<c+a2cx2

60 a 60 a 60

15c?2+c+a2cx? ArcTan[ax]?

ArcTan[a x] -
16 a

3/2

5

—c?x

16

lx (c+a?cx?)

6

)*?ArcTan[ax]?  (c+a?cx?)®?ArcTan(ax]?
- +

24 a 10 a

5
\Jc+a’cx? ArcTan[ax]3®+ —cx (c+a2cx2)3/2Ar‘cTan[ax]3+
24
5/ 5ic®+/1+a?x? ArcTan[e!ArcTaniax] | ArcTan[ax]?
ArcTan[ax]?- -
8a+/c+a?cx?

2591 c3/1+a2x2 ArcTan[a x] ArcTan [ @}

Vi1-iax

60 ac+a’cx?

151 ¢+ 1+a%x? ArcTan[a x]? PolylLog [2, - i etArcTan[ax] }

16a+c+a%cx?

151 c3+/1+a2x? ArcTan[ax]?PolylLog [2, i @l ArcTan(ax] ]

+

16a/c+a2cx?

1-iax 1-iax

259 i c2V/1+a2x? Polylog[2, - L1125 | 3594 ¢3/1+a?x? Polylog[2, ‘1 iiax |

120a+Vc +a?cx? 120a+/c +a?c x?

15c3+/1+a?x? ArcTan[ax] Polylog|3, -i elArcTan(ax] |

+

8avc+a?cx?

15 c3+/1+a% x? ArcTan[ax] PolylLog [3, i et ArcTan[ax] }

8a+Vc+a?cx?

15i c3V/1+a2x? Polylog[4, —ieiAr<Taniaxl| 155 c3+/1+a2x? Polylog|4, i efArcTaniax] ]
+

8aVc+a?cx? 8a+/c+a?cx?

Result (type 4, 5547 leaves):

C —

3

21+ a?x?

3

¢ (1+a?x?) ArcTan[ax]? 1

+

21ratx Vizalx

C <1+ a2 X2> (Ar‘CTan[aX] (Log[l _1 e]iAr‘CTan[aX]] _ Log[1+ i eJiAr'cTan[ax] ]) 4
i (POlyLog[Z, _j elArcTan[a x]} _ POlyLog[Z, i eiArcTan[ax] } >) +

! c(1+a2x2)

17‘('3 Log[Cot{1 (I—Ar‘cTan[ax])H +
8 2 \2

3
2

4

7T
(— - ArcTan[a x]
2

Log[l _ et (';‘—Ar‘cTan[aX])] B LOg[l ;s el (%—Ar‘cTan[ax]) ]] .

1 (POlyLog [2, 7(&1 (%—ArcTan[ax]) } — PolyLog [2, (ejl (%‘APCTan[a X]) } ) ) _

3 7T 2
-7 ((*fAr‘cTan[a X]
2 2

(Log[l B e]’l (Z——Ar‘cTan[ax])] B Log[l . ei (%—Ar‘cTan[ax]) ]] .

| 53
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21 (E - ArcTan[a x] ) (PolyLog[Z, _ et [farcTantaxy) | - PolyLog|2, gl (F-ArcTantax)) ] ) +
2

2 —PolyLog[B, _et (;LfArcTan[ax])] +PolyLog[3, et (;LfArcTan[ax])]J) .
1 4 (o1 b 4
8 fl[f—Ar'cTan[ax] +—1 7+7(—7+Ar‘cTan[ax] -
64 2 4 2 2 2
1 T 3 1 (Lo
— [——Ar‘cTan[ax]) Log[1+e (3 A“Ta”[”])] _
8 \2
1 a1 s N
= (Ji 7+7(—7+Ar‘cTan[ax} —Log[1+e“(z z(zAPCTan[ax]))]J—
8 2 2 2
w1 x 3 W EPEN RN
(7+ - (—7+Ar‘cTan[a x]] Log[1+e“(z (3 Arcmn[ax]))} +
2 2 2
3 T 2 1 (2o
i [——Ar‘cTan[a x]| PolylLog[2, -e (5 A"Tan[“])] +
8 2
3 ,(1 . (n 1 »x 2 (1 1 7
— T *1(7+7(—7+ArcTan[ax]) —(*+*[—*+ArcTan[ax]
4 2 2 2 2 2 2 2

. o1

LOg[l + eZJ’l (%Jr% (—%+Ar‘cTan[ax])) ] . 1 i PolyLog[Z, 7@211 (;Jr; (—%+Ar‘cTan[ax])) ] ] .
2

3 701 7T 2 NEEY N
—i =+ = (—*+Ar‘cTan[ax} Polylog|2, _e?t a3 APCTan[aX]))] -
2 2 2 2
3 T
= (——Ar‘cTan[a x] | Polylog[3, -e 3 ArCTa"[ax])} -
4 \2
3 1 (n 1 7T 3 11 7T 2
-7 *1[7+7(77+ArcTan[ax] —[7+7(77+APcTan[ax]
2 3 2 2 2 2 2 2
T N JT 1 Tt
Log[1+<e“(z s (-5 A"Ta”[ax]))] +1i (—+ - [——+Ar‘cTan[a x])
2 2 2

2 (;+§ (7§+Ar‘cTan[a x])) } 2i (%+§ (7§+Ar‘cTan[a x])) } ) _

1
PolyLog[2, -e - = Polylog[3, -e
2

2 2

(z+1 (—E+Ar‘cTan[ax] Zj(i*i(’g*””a”[”]))}

PolyLog|[3, -e
2 2 2

AlwnN |w

i PolyLog [4, _eﬁ (/Z—K—Ar‘cTan[a x]) ] _ i i Polylog [4’ _(821'1 (’;ﬁi— (—/2‘—+Ar‘cTan[aX]>) ] ] ] :
4

c (1+a2x?) ArcTan[ax]?

4+/1+a2x? (Cos[iAr‘cTan[a x] | 7Sin[§Ar'cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax}}

2+/1+a%x2 (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a X] ])

c (1+a*x?) ArcTan[ax]?

+
2

4+/1 + a? x? (Cos[%Ar‘cTan[a X] ] +Sin[§Ar‘cTan[a x] ])

3./ c(1+a2x?) ArcTan[ax]ZSin[iAr‘cTan[ax}}

+

2/ 1+a2x? (Cos[%Ar‘cTan[a X] ] +Sin[§Ar‘cTan[a x] ])
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c(1+a*x?) (-1+ArcTan[ax]?)
—2c? +

@ av1+a2x?
o
2v/1+a2x2
c (1+a*x?)
(-ArcTan[ax] (Log[1-ie'ArcTaniax]]| _jog[1+ i etArcTaniax]])
i (Polylog[2, - i e*A"Tn(ax)] _polylog[2, i e!ArcTaniax]])) |

1
— 1]-
81+ a?x?
(Log[l B (eil (%—Ar‘cTan[ax])] _ Log[l + eJ‘L (g—Ar‘cTan[ax]> ]] N

c (1+a?x?) (lnz’ Log[Co‘c[1 (EfAr‘cTan[a x]
8 2 \2

3
— JT
4

2

7T
(* - ArcTan[a Xx]
2

i (PolyLog [2, _et (%—APcTan[a x]) } ~ PolyLog {2, ot (%—APcTan[a x]) } ) ) .

3 7T
— 7 ((——Ar‘cTan[ax}

2 (Log[l— ot (%ArcTan[ax])] B Log[l L et (;——Ar‘cTan[ax]) ]] .
2 2

7
21 [f - ArcTan[a x]
2

2 (—PolyLOg[B, et [iAreTaniaN ] polyiog 3, e (?’A"CTB“[EX])]]) _

(PolyLog [2, _et (%’APCTa”[aX]) } ~Polylog [2, et (E—Ar‘cTan[a x]) } ) .

1 r 4 1 (1 7 4
8 —1(——Ar‘cTan[ax} +—1 —+—(——+Ar‘cTan[ax] ) -
64 2 4 2 2 2
1 3 P (7
- [*—Ar‘cTan[ax] [ en(z Ar‘cTan[ax])] _
8 \2
1 a1 7T T
= (1‘1 [7+ - (—*+Ar‘cTan[ax] —Log[l+cr—:2]l (545 (3 A“Ta”[a”))]J -
8 2 2 2
Tt 1 VA 3 L1 b
(7+ = [77+Ar‘cTan[a X] Log{lﬂe“ (?*?(’?*A"Ta”[ax]))} N
2 2 2
3 7 2 L
=1 [— — ArcTan| ) PolyLog (2 A"Ta”[ax])] +
8 2
3 (1, (n 1 7 2 a1 7
— T —1(—+—(7—+Ar‘cTan[ ]) 7(—+—(7—+Ar‘cTan[ax]
4 2 2 2 2 2 2 2

1

Log[1+<e (%+§ %Ar‘cTan lax] ))] N lijOlyLOg[Z, 7@21‘1 (%+;(—§+ArcTan[ax]))]J .
2

3 a1 7 2 RN
—i [7+ - (—*+Ar‘cTan[ax] PolylLog[2, - 153 (3 A“Ta”[ax]))] -
2 2 2 2
3 i
— [——Ar‘cTan[a x]) PolyLogb, _et 3 A'"CT""“[‘"X])} _
4 \2
3 i S | 7 3 o1 7t 2
— 7T —1[—+—(——+Ar‘cTan[ax} —(—+—(——+Ar‘cTan[ax}
2 3 2 2 2 2 2 2
T a1 7T
Log[1+<e“ (343 (-2 ArcTan[aX]))] +1 (—+ - (—7+Ar~cTan[a x])
2 2 2

Polylog|2, - (543 [-geareTantaxt) | - 1 PolyLog|[3, -’ (545 (-5+ArcTantax] | ] ) -
2



56 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

Y (—;L+Ar'cTan[ax])) }

d PolyLog|3, et (5

JT
[—+ — (7—+Ar*cTan[ax]
2 2 2

i PolyLog [4, _et (%—Ar‘cTan[a x]) ] B i i PolyLog [4’ _elt (%i— (—%ArcTan[aX])) ] ] ] :
4

¢ (1+a?2x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[%Ar‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )4

c (1+a?x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)

16 V1 + a2 x2 (Cos[iAr‘cTan[a x]] - Sin[iAr‘cTan[a x] | )2

c (1+a2x?) ArcTan[a X]ZSin[iAr‘cTan[a x] |

8+/1+a2x2 (Cos[%Ar‘cTan[a x]] —Sin[%Ar‘cTan[a x] | )3

¢ (1+a?x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[%Ar‘cTan[a x]] + Sin[%Ar‘cTan[a x] | )4

c (1+a2x?) ArcTan[a x]zsin[iAr‘cTan[a x] |

+

8+/1+a2x2 (Cos[iAr‘cTan[a x] | +Sin[%Ar‘cTan[a x] | )3

¢ (1+a?x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16+/1+a2x? (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x]])2
2,2 s 1 2 cs 1
( c (1+a*x?) (Sln{gAr‘cTan[a x]| - ArcTan[a x] Sln[;Ar‘cTan[a x]]))/
(4\/1+a2X2 )+

( c(1+a%x?) (—Sin[lAr‘cTan[ax]] +Ar‘cTan[ax]2Sin[lAr'cTan[ax}]

2 2
(4\/1+a2X2 ) +

1 1
Cos|~ArcTan[ax] | + Sin[; ArcTan[ax] |
2

|/

1 1
Cos| = ArcTan[ax] | - Sin|[ = ArcTan[ax] |
2

2
1, c (1+a*x?) (50-19ArcTan[ax]?)
Zc +
a 2401 +a2x?
o
120+/1 + a2 x?

194/c (1+a*x?)
(Ar‘cTan[a x] (Log[l _i ejAr‘cTan[aX]] _ Log[l + 1 elArcTanlax] }) .
i (PolyLog|2, -i e'Ar<Tan(axl] _polylog[2, i e*ArcTaniax]|)) 4

1
— ]+
16 V1 + a% x?

c (1+a?x?) 1o Log[Co‘c[1 [E—Ar*cTan[a X]
8 2 \2
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3 (7
— 7T ((*—Ar‘cTan[ax]
4 2

i [Potytog[2, ~<* [ ] | poryiag[2, ef [remien) )|

(Log[l _ et (Z——Ar‘cTan[ax])] B Log[l ; et (g—Ar‘cTan[ax]) ]] .

3 2

Jt
— T ((——Ar‘cTan[ax}

(Log[l 3 (Ej (;——ArcTan[ax])] B LOg[l . e]’L (2—Ar‘cTan[ax]> ]] .
2 2

U T
2i (f - ArcTan[a x] cAeTan(ax )] polyiog|2, e +

(PolyLog [2, _et (
2

i (E—Ar‘cTan[a x]) } )

2 (fPOlyLog {3) 7@1 (%—Ar‘cTan[ax]) ] + PolyLog [3, (Ej (%—Ar‘cTan[a X]) ] ] ) +
4 4
+—1

4

VA
- —+ArcTan[ax]
2

— 4 —

1 T
8| —1 [—7Ar‘cTan[ax}
2 2

711(
2

1 3 (n
i [E—APcTan[ax]J LOg[1+el (TAr*cTan[ax])] _
8 \2
ln3 (I’L [z+ 1 (—£+ArcTan[a X] —Log[1+<ezjl (%%(%Mrcmn[ax]))]) -
8 2 2 2
3 o ”
(£+ 1 [7£+Ar‘cTan[a X] Log[lJrgeZJL (?*%(’?*A"Ta”[ax]))} +
2 2 2
i - 2 i (Q—Ar‘cTan[ax])
1[ - ArcTan[ax]| PolylLog[2, -e' |2 |+
8 2
3, (1 (1o 2 (x 1 7
- | —1 (7+ — (—*+ArcTan[ax]) - (*Jr — [—*+Ar‘cTan[ax])
4 2 2 2 2 2 2 2
Log[1+e“ (g+§(7%+Ar‘cTan[ax]))] N 1 i PolyLog[Z, 7@21‘1 (Z+i(2+Ar‘cTan[ax]))]] .
2
1 2 e n
3 i [E + = (—z +ArcTan[a x] PolyLog|2, —e?! (?%(7+APCTan[aX]))] -
2 2 2 2
3 I
= [E - ArcTan[a x]) PolyLog[3, -e’ <7A"Tan[ax])} -
4 \2
3 1, (nm 1, 7 3 (1 2
— 7T —1[—+—(——+Ar‘cTan[ax} —[—+—(——+APcTan[ax]
2 3 2 2 2 2 2 2
Log[1+eu (%%(f%ArcTan[aX]))] i (£+ l [—£+Ar~cTan[a X])
2 2 2

o1

PolyLog[Z, _elt (2—+; (—%+Ar~cTan[ax]))} 3 1 PolyLog[B, _e2t (%; (-%Ar‘cTan[ax])) }) _
2

Polylog[3, —e2' (372 [F3oAreTantaxi) ]

a1 7T
[7+ - (77+Ar‘cTan[ax]
2 2 2

3
2
E i PolyLog [4, _et (%—Ar‘cTan[a x]) ] B i i Polylog [4, _elt (§+i— (—2+Ar‘cTan[aX])) ] ] ] :
4 4

¢ (1+a?2x?) ArcTan[ax]?

+

48+/1 + a2 x? (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )6

c (1+a*x?) (ArcTan[ax] -ArcTan[ax]?-5ArcTan[ax]?)

+

801 +a%x? (Cos[iAr‘cTan[a X] ] - Sin[iAr‘cTan[a x] } )4

( c (1+a®x%) (-2-52ArcTan[ax] +26ArcTan[ax]?+15ArcTan[a x]3))/
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1 1
Cos [ — ArcTan[a X] ] - Sin[; ArcTan[a Xx] ]
2

[480#1 +a?x?

c (1+a2x?) ArcTan[ax]? Sin[iAr‘cTan [ax] |

:

401 +a?x? (Cos[%Ar‘cTan[a x]] —Sin[iAr‘cTan[a X] } )5

¢ (1+a*x?) ArcTan[ax]?

+

481 +a?x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a X] } )6

c (1+a2x?) ArcTan[ax]? Sin[%Ar‘cTan [ax]]

+
40+/1 + a2 x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a x] } )5

c (1+a*x?) (-ArcTan[ax] - ArcTan[ax]?+5ArcTan[ax]?)

+

80V 1+ a%x? (Cos[iAr‘cTan[a X] ] +Sin[§Ar‘cTan[a x] ] )4

( c (1+a®x*) (-2+52ArcTan[ax] +26ArcTan[ax]?-15ArcTan[a x]3))/
2
[480w/1+a2x2 ]+
2,2 .l 2cinrl
c (1+a?x?) |50Sin|[ = ArcTan[ax]| -19ArcTan[ax]?Sin[ = ArcTan[ax]]
2 2

(240\/1+azxz )+

c (1+a%x%) |Sin 1Ar‘cTan ax]| -13ArcTan[a x]2Sin lAr‘cTan ax
( [ax] [ax] [ax]

2 2
3
[120w/1+a2x2 ]+

¢ (1+a%x?) —Sin[lAr‘cTan[a x]| +13ArcTan|a X]ZSin[lAr‘cTan[a x] |
2 2

3
[120w/1+a2x2 ]+

( ¢ (1+a%x?) (—SGSin[EAr‘cTan[ax]} +19Ar‘cTan[ax]2Sin[lAr‘cTan[ax]}
2 2

[240x11+a2x2 )

Problem 432: Result more than twice size of optimal antiderivative.

1 1
Cos| 5 ArcTan[ax] | + Sin[; ArcTan[ax] |

|/

1 1
Cos| ; ArcTan[ax] | - Sln[g ArcTan[ax] |

|/

1 1
Cos| 5 ArcTan[ax] | + Sin[; ArcTan[ax] |

|/

1 1
Cos|=ArcTan[ax] | - Sin[; ArcTan[ax] |
2

|/

1 1
Cos|~ArcTan[ax] | + Sln[; ArcTan[ax] |
2

(c+a?cx?)*?ArcTan[ax]?
J dx

X

Optimal (type 4, 845leaves, 54 steps):
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1 29
-—ac’x+Jc+atcx? + —c?*/c+atcx® ArcTan[ax] +
20

20

1 29
—c (c+a2cx2)3/2ArcTan[ax} - —ac’x~/c+a’cx® ArcTan[ax]?-

10 40
3 32 149 i c3 /1 +a?x? ArcTan [ej ArcTan[ax] ] ArcTan[a x]?
—acx (c+a’cx?)” ArcTan[ax]? + +

20 20/ c+a%cx?

1
c2/c+a?cx? ArcTan[ax]3+ —c (c+a2cx2)3/2Ar‘cTan[ax]3+

3
, 2¢ V1+a2x? ArcTan[ax]3ArcTanh|etArcTan(ax] |
ArcTan[ax]” - -
VeraZcox?
avc x ] 3ic3+/1+a%2x? ArcTan[ax]2 PolyLog[Z, — gt ArcTan(ax] }
N
Veracox? Ve+raZex?
149 c3/1+a*x? ArcTan[ax] Polylog[2, —i e'ArcTaniax] |
20V c+aZcx?
149 i c3\/1+a”>x? ArcTan[ax] PolyLog[2, i etArcTan(ax] |
20/ c+aZcx?
31c3+V/1+a2x? ArcTan[a x]? Polylog [2, @l ArcTan[ax] }
Ve+raZox?
6c>V/1+a2x? ArcTan[ax] PolylLog[3, —e!ArcTaniax] |
VeraZox?
149 3 /1 + a2 x? Polylog|3, —ielAr<Tan(axl] 149 c3+/1+a2x? Polylog[3, i e!ArcTan(ax] ]
20\/cratcx? 20\/c+a2cx®
6c3+/1+a2x2 ArcTan[a x] PolylLog [3, eiArcTan(ax] ]
VeraZex?
6icV1+a2x2 Polylog[4, -e'ArcTaniax]] 63 c3+/1+a2x2 Polylog[4, eiArcTaniax]]
+
VeraZox? VeraZox?

Result (type 4, 1739 leaves):

(c+a2cx2)5/2

vl |-

3
= c®2 ArcTanh|
2

+

+

+

1c2 C (1+a2x2)
8

in* , 2iArcTan[ax]* 8ArcTan[ax]®Llog[1- e *ArcTanlax] ]
-— +8ArcTan[ax]” + + -

24 ArcTan[ax]2Log[1 - i elArcTaniax] | 24 ArcTan[ax]2 Log[1+ i el ArcTaniax] |
N _

V1 +a?x? V1+a?x?

8ArcTan[ax]3 Log[1+eArcTaniax] | 24 j ArcTan[a x]2 Polylog[2, e iArcTaniax] |
+ +

V1+a%x? V1+a?x?

24 i ArcTan[ax]2 PolylLog[2, - eiArcTaniax] |

V1+a?%x?
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48 i ArcTan[a x] PolylLog [2, — i etArcTan[ax] ] 48 i ArcTan[a x] PolyLog [2, i et ArcTan(ax] ]
+ +

V1 +a?x? V1 +a?x?

48 ArcTan[a x] PolylLog [3, @i ArcTan[ax] ] 48 ArcTan[a x] PolylLog [3, — gl ArcTan[ax] }
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1
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ArcTan[ax]?Log |1+ i etArTan(ax]] _ s ApcTan[ax] Log|

2C2 [ JiAr‘cTan[ax]] 4
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1 1
ArcTan[ax]?Log[Cos|~ArcTan[ax] | - Sin|[ = ArcTan[ax]|] -
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2
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N
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1 1
~Cos [~ (rm+2ArcTan[ax]) ]| +20 Log[Cos[;Ar‘cTan[a x]] -sin[ = ArcTan[ax]]] -

2
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4
PolyLog[2, -ie*A™Tan(ax]] ;22 j ArcTan[a x] Polylog[2, i e'ArcTaniax]|

22 Polylog [31 _{ etArcTan[ax] ] - 22 Polylog [31 i @l ArcTan[ax] }

1
— (1+2a® xz)2 c (1+a®>x*) (15@ArcTan[ax] - 32ArcTan[ax]> +8ArcTan[ax]

960
(27 + 20 ArcTan[ax]?) Cos[2ArcTan[ax]] + 66 ArcTan[a x] Cos [4ArcTan[ax]] +

12Sin[2 ArcTan[ax]] + 6 ArcTan[ax]2Sin[2 ArcTan[ax]] +

6Sin[4 ArcTan[ax]] - 33ArcTan[ax]2Sin[4 ArcTan[a x] ] ) ]

Problem 433: Result more than twice size of optimal antiderivative.

(c+a?c X2>5/2 ArcTan[ax]3
J dx
2

Optimal (type 4, 1027 leaves, 56 steps):
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1 1
——ac’yJc+atcx? + —a?c?x/c+a’cx? ArcTan[ax] -
4 4
21 2 2 2 2 1 2 2\3/2 2
—ac’yJc+a’cx® ArcTan[ax]®- =ac (c+a’cx®)”“ArcTan[ax]? -
4

8
c?+v/c+a?cx? ArcTan[ax]?® 7
[ax] +—atc?x~/c+a’cx? ArcTan[ax]?+
X 8

1 32 15iac3v/1+a2x? Ar‘cTan[e“"Ta“[ax]} ArcTan[ax]?3
—a’cx (c+a’cx?)¥ ArcTan[ax]? - -

4 4+/c+a?cx?

11iac®+/1+a%x? ArcTan[ax] Ar‘cTan[@]

Viciax
Veracox?
6ac3/1+a2x? ArcTan[ax]2ArcTanh [elArcTaniax] |
Veratex?
6iac3+/1+a2x? ArcTan[ax] Polylog [2, _ @lArcTan(ax] }
Veralcox?
451iac3+/1+a?x? ArcTan[ax]2Polylog [2, —1 elArcTan(ax] ]
g/cralcx® .
45 i ac3+/1+a%x? ArcTan[ax]?Polylog [2, i elArcTan(ax] }
8\c+atcx?
6iac’y/1+a’x? ArcTan[ax] Polylog[2, e!ArcTaniax] ]
VeraZox?
11iac®V1+a2x? Polylog[2, - 1 itax ]

\Vi1-iax
2+/c+a?cx?
11iac3V1+a2x? PolyLog[z, @] 6ac3+/1+ax? PolyLog[3, _eJ‘LAr‘cTan[ax]}

1-iax

2+/c+alcx® VeraZox?

45ac®+/1+a’>x? ArcTan[ax] Polylog[3, —i e'ArcTaniax] |

4/cracx®
45ac3+/1+a2x? ArcTan[ax] PolylLog [3, 1 elArcTan(ax]]

4/c+aZcx®
6ac3/1+a2x? Polylog [3, el ArcTan[ax] ] 451iac3+/1+a?x? Polylog [4, — 1 elArcTan[ax]
45iac®\/1+a2x? Polylog|4, i elArcTan(ax] ]

4cralcx®
Result (type 4, 4536 leaves):

! ac?y/c(1+a*x?) Csc[lAr'cTan[ax]]

1281+ a2 x? 2

+

+

+

+

+

+
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7ian*x 8iarnPxArcTan[ax] 24ian?xArcTan[ax]? 3
- + - 64 ArcTan[ax]” -

32ianxArcTan[ax]® 16iaxArcTan[ax]4 48an?xArcTan[ax] Log[1l- i e tArcTan(ax]]
+ + -

96 anxArcTan[ax]2Log[1-1ie iArcTaniax]| 833 x Log[1+ i e *ArcTan(ax] ]
- +

Vita Vivatxt

64 axArcTan[ax]? Log[1+ i e tArcTan(ax] | 192 ax ArcTan[ax]2 Log|[1 - el ArcTanlax] |
+ +

Vi+alx® Vitalx?

8 a3 X Log[l + i e]’lAr'cTan[ax]] 48 a 712 x ArcTan [aX] Log[l +i ejAr‘cTan[ax]]
- +

96 atx ArcTan[a X]Z Log[l i1 eiAr‘cTan[ax]} 64 a x ArcTan[a X]3 Log[l i1 ejArcTan[ax]}
Vi+aZx? Jisalx?

192 ax ArcTan[ax]2 Log[1+eiArcTaniax]]  8a s X Log[Tan[i— (r+2ArcTan[ax])] |
+ +

V1 +a?x? V1 +a?x?
192 i ax ArcTan[ax]2Polylog |2, -1 e tArcTan(ax]|
A1+ a?x?

48 i anx (n-4ArcTan[ax]) PolylLog[2, i e fArcTan(ax] ]

V1 +a?x?

384 i1 axArcTan[a x] PolylLog {2’ _ @l ArcTan[ax] } 48 1 a 72 X PolylLog [2, _ i elArcTan[ax] }

+ —
192 i asrxArcTan[a x] Polylog [2, _ i elArcTan[ax] }
192 i ax ArcTan[a x] 2 PolyLog [2) _j elArcTan[ax] ]
384 1 axArcTan[ax] Polylog [2, el ArcTan[ax] ]

384 axArcTan[ax] PolylLog[3, -i e *ArcTanlax] | 192 a s x PolylLog[3, i e iArcTan(ax]]

V1 +a?%x? V1+a%x?

384 axPolylog[3, —elArcTaniax]] 192 a s x Polylog[3, - i e!ArcTan(ax] |

+ —
V1 +aZx? V1 +a?x?

384 axArcTan[ax] Polylog[3, -ie!Ar<Taniax]| 384 ax PolyLog[3, e!ArcTan(ax] ]|

+ _
V1 +a?x? V1 +a?x?

384 i a x PolylLog {4) _ i @-iArcTanfax] ] 384 i a x PolylLog [4, _ i eiArcTan[ax] }

V1 +a?x? V1 +a?x?

+

+

+

+




64 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

1 3./c(1+a?x?) ArcTan[ax]? 1
Sec| ~ArcTan[ax]| +2ac? |- N

2 2V/1+a?x? Vivalx®

3 /c(1+a’x*) (ArcTan[ax] (Log[1-1ie!A"Tn[ax]] _log[1+1elArcToniaxi]) .
i (PolylLog|2, -ie*ArTan(ax]| _polylog[2, i etArcTaniax]])) +

1 —— (1 , 1
——————Jc(1+a*x*) |=~x Log[Cot[f[f—Ar'cTan[ax] K
2V1+a2x? 8 212
iﬂz [E—APCTan[axj (Log[l—ei (Z——Ar‘cTan[aX])} 7L0g[1+eﬁ (%—ArcTan[ax])]) .
4 2

i (PolyLog[z, _et (g—Ar‘cTan[aX])] _ PolyLog[z, el (g—Ar‘cTan[ax]) ] J] ~

3 7T
— 7 ((——Ar‘cTan[ax]

2 (Log[l et (%Ar‘cTan[ax])} B Log[1+ el (%—Ar‘cTan[ax]) ]) .
2 2

7
21 (*—Ar‘cTan[a X]

(PolyLog [2, _et (3*“"”3“[”1) ] ~ PolyLog [2, et (g—ArcTan[a x]) ] J .
2

2 (—PolyLog[3, _et (3*’*"”3”[”])} +Polylog|3, e’ (;-ArcTan(ax)| ] )J +

[ 1 n 4 1 (1 7 4
8 —1(——Ar‘cTan[ax] +—1(—+—(——+Ar‘cTan[ax} -
64 2 4 2 2 2
l (E_Achan[aX])B Log[l-*-ei (:LfAr‘cTan[aX]>} _ EJTS (J'l (£+ 1 [—£+Ar‘cTan[a X] _
8 \2 8 2 2 2
i 5 3
Log[1+621 (;+§(—;+Ar‘cTan[aX]))]] _ (E+ 1 (—E+Ar‘cTan[a X])) Log[
2 2 2
o e memmen )2 (T ) | poryto2, -t [ emen]
8 2
3 ,(1, (1 b 2 (x o1 b
— | —1 [7+ — (77+Ar‘cTan[ax} - (7+7 (77+Ar‘cTan[ax] ) Log[
4 2 2 2 2 2 2 2
1+e21 (%+§(7§+Ar‘cTan[ax]))} . 1 i PolyLog[Z, 7@21 (;+;(2+Ar‘cTan[ax]))}) .
2
2 o n
24 (5+ : [_5+ArcTan[a x] || Polylog[2, ~e?! (77 [FrareTantaxi])]
2 2 2 2
3 (K—Ar‘cTan[a x]) PolyLog|3, —e' (%’A"Ta"[ax])] -
4 \2
3 1 (n 1 b 3 o1 b 2
- |—1 7+7(—7+Ar‘cTan[ax] —(*+*[—*+ArcTan[ax] Log[
2 3 2 2 2 2 2 2
1.2t (55 [prarernian))y (22 (—£+Ar‘cTan[a x| | PolyLog|2,
2 2 2
7@21 (§+§(7§+ArcTan[ax]))} _ 1 PolyLog[3, 7@21‘1 (%+§(7%+ArcTan[ax]))} _
2
3 (EJr 1 (—E+Ar‘cTan[a x]) PolyLog|3, _et (%*%(’%*APCT""”[’"X]))] _
212 2 2
i. i(i—Ar‘cTan[ax]) i Zi<i+l(—i+Ar‘cTan[ax]))
iPolyLog[4, -’ |z | - = iPolyLog(4, -e " 272 "2 e
4 4
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c (1+a?2x?) ArcTan[ax]?

4+/1+a2x? (Cos[iAr‘cTan[ax]]7Sin[iAr‘cTan[ax]}>2
3./c(1+a%x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]

2+V1+a2x? (Cos{%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a X] H

¢ (1+a*x?) ArcTanl[ax]?

+

4+/1+a%x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a x] } )2

3./ c(1+a2x?) Ar‘cTan[ax]2Sin[%Ar‘cTan[ax]]

+

2+ 1+a2x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a x] })

c(1+a*x?) (-1+ArcTan[ax]?)

4+/1+a%x?

+

1

2+/1+a2x?

c (1+a2 xz)
(-ArcTan[ax] (Log[1-ie*ArcTanlax]] _og|1+ 4 etArcTaniaxi]) _
i (PolylLog|[2, -ie*ArTanlaxl] _polylog[2, i etArcTaniax])) +

1 -~ 1, 1 (n
—————Jc (1+a%x?) [—7‘(’ Log[Cot[f(*—ArcTan[ax])H—
8V1+aZx? 8 212
27.(.2 [E—Ar‘cTan[ax}) (Log[l—ei (%—Ar‘cTan[ax])} —Log{1+ej (;—'—Ar‘cTan[ax])]) +
4 2

i (PolyLOg[L -e' (3’””3”[“])] ~Polylog[2, e' (3”‘"”3”[“1)])] .

3 7T
— T [(*—Ar‘cTan[ax]

2 (Log[l et (%ArcTan[ax])} B Log[l et (g—Ar‘cTan[ax]) ]) .
2 2

21 (E - ArcTan[a X] ] (PolyLog 2, _ et (fareTantaxy) | - PolyLog|2, el (F-ArcTantax)) ] ) +
2

5 (—PolyLog [3, 7@1‘1 (ngr‘cTan[a x]) } + Polylog {3, e]‘l (ngr‘cTan[a x]) } ) J B

4 4

+—1

4

a1 7T
—+ — (77+Ar‘cTan[ax}
2 2 2

1 7T
8 [J’l (*—Ar‘cTan[a X]
64 2

| =

(1 — ArcTan[a X] )3 Log[1 + et (%’A"Ta”[ax])}
2

8
1 a1 7T N
= [Ji (7+ = (—*+Ar‘cTan[ax]] —Log[1+e“(z 23 APCTa”[aX])H] -
8 2 2 2
a1 b 3 RN N
[—+ = (——+Ar‘cTan[ax1) Log[1+<e“(z (5 APCTan[aX]H] +
2 2 2
3 U 2 1 (2=
=i (—7Ar‘cTan[a x]| PolyLog[2, -e 3 Ardan[ax])} +
8 2
3 ,(1, (1 b 2 (11 b
—JT 71[7+7(—7+ArcTan[ax] —(*+*(—*+ArcTan[ax] Log[
4 2 2 2 2 2 2 2
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2i (%*% (7§+Ar‘cTan[a x])) }

. l i PolyLog[Z, _eu (%+§ (—§+Ar‘cTan[ax])) } ) .
2

2 (o1 n
iJ'L (£+ 1 [—E+Ar‘cTan[a x]] Polylog|2, _e?t (T?(’?*A”Ta”[ax]))} _
2 2 2 2
3 (zfAr‘cTan[a x]) PolyLog|3, —e' (g'A"Ta"[aX])] -
4 \2
3 1 71 b 3 o1 b 2
— | —1i 7+7(77+Ar‘cTan[ax] —(7+7[77+ArcTan[ax] Log[
2 3 2 2 2 2 2 2
1.2t (55 [prarernian))y (22 (_ “ 4 ArcTan[ax] | | PolyLog|2,
2 2 2
7@21 (%Jrg (—%+Ar‘cTan[ax]))} B l PolyLog[B, 7@21’1 (2+§ (—%+Ar‘cTan[a x]))}
2
3 (m 1 7T 2i (1+1(—1+APcTan[ax]))
7(7+7(——+Ar‘cTan[ax]) PolyLog[3, -e" 27212 | -
212 2 2
3, i (LAr‘cTan[ax]) 3. 24 (i*l(’LAPCTan[aX]))
—1POlyLog[4, -e \2 } - = 1PolyLog[4, -e 22\ 2 } +
4 4

¢ (1+a*x?) ArcTan[ax]?

16 V1 +a%x? (Cos[iAr‘cTan[a x] } —Sin[iAr‘cTan[a X] ] )4

+

¢ (1+a*x?) (2ArcTan[ax] - ArcTan[ax]?-ArcTan[ax]?)

16 V1 + a2 x? (Cos[iAr‘cTan[a x]} —Sin[%Ar‘cTan[a X] ] )2

c (1+a2x?) ArcTan[ax]2Sin| % ArcTan[ax] |

8/1+a%x? (Cos[iAr‘cTan[a x]] —Sin[%Ar‘cTan[a x] } )3

¢ (1+a*x?) ArcTan[ax]?

+

16 V1 +a%x? (Cos[%Ar‘cTan[a x] } +Sin[§Ar‘cTan[a X] ] )4

¢ (1+a?x?) ArcTan[ax]2Sin| % ArcTan[ax] |

+

8+1+a2x2 (Cos[%Ar‘cTan[a x] | +Sin[iAr‘cTan[a x] | )3

c (1+a2x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 + a2 x2 (Cos[iAr'cTan[a x] | +Sin[§Ar‘cTan[a x]})2

( c(1+a?x?) (Sin[lAr'cTan[a x]| - ArcTan[a x}zsin[EAr‘cTan[a x] |
2 2

(4«/1+a2 x2 (Cos[lAr‘cTan[a x] | +Sin[lAr‘cTan[a x] | ] +
2 2

( c(1+a?x?) (—Sin[lAr‘cTan[a x] | +ArcTan(a x]ZSin[lAr‘cTan[a x]]))/

2 2

(4«/1+azx2 (Cos[lArcTan[ax}] —Sin[EAr‘cTan[a x] | ]

2

2

|/
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Problem 435: Result more than twice size of optimal antiderivative.

(c+a’c XZ)S/Z ArcTan[a x]3
J dx
X4

Optimal (type 4, 1061 leaves, 86 steps):
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a?c?vc+a’cx? ArcTanfax] 3 , , P , ac?Vc+a’cx? ArcTan[ax]?
a®c?+/c+a?cx® ArcTan[ax]?- -

X 2 2 x?
2a2c?+/c+a?cx? ArcTan[ax]3® 1
[ax] +—a*c?x+/c+a’cx? ArcTan[ax]? -
X 2

c (c+a?cx?)®?ArcTan[ax]® 5ia’c3+/1+a?x? ArcTan[e!Ar<Tan(axl | ArcTan[a x]3
3x3 Veratex?
61a3c3V1+a%x? ArcTan[ax] Ar‘cTan{@]

Viiax
VeraZox?
13a%c3+/1+a? x> ArcTan[ax]?ArcTanh[e!ArcTaniax] | s 5 Jeratex?
-a’c Ar‘cTanh[i
VeraZex? NS
13ia’c3V/1+a?x? ArcTan[ax] PolyLog|[2, —e!ArcTaniax] ]
Ve+aZox?
15ia®c3/1+a?x? ArcTan[ax]2Polylog[2, -i e!ArcTaniax] |
2\/c+atcx?
15ia®c3V1+a?x? ArcTan[ax]2PolylLog|2, i el ArcTaniax] ]
2v/cratex?
13ia’c3/1+a2x? ArcTan[ax] PolylLog[2, elArcTan(ax] |
VeraZex?

3ia’c3V1+a2x? Polylog|2, - +¥11iax | 34 33 3+/11a2x? Polylog|2, i¥iiax
' ' yg[’m}il ' ylog[2, ==t

Verazeox? VeraZcox?
13 a3 c3/1+a%x? PolylLog [3, - etArcTan(ax] ]
VeraZeox?
15a3 c3/1+a%x? ArcTan[ax] PolylLog (3, -1 eihreTaniax] ]
VeraZcox?
15a3 c3+/1+a%x? ArcTan[ax] Polylog (3, i etArcTan(ax] ]
VeraZeox?
13a3c3/1+a%x? Polylog (3, etArcTan(ax] ] 15 j a3 3 \/1+a?x? Polylog (4, i elArcTan(ax] ]
Veratex? Veratex?
151 a3c3+/1+a2x? Polylog (4, 1 elhrcTaniax]]
Veratcox?
Result (type 4, 3037 leaves):

! a*c?yfc (1+a*x%) Csc[lAr‘cTan[ax]}

641+ a%x? 2

] +

+

+

+

+

+
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7ian*x 8iarnPxArcTan[ax] 24ian?xArcTan[ax]? 3
- + - 64 ArcTan[ax]” -

32ianxArcTan[ax]® 16iaxArcTan[ax]4 48an?xArcTan[ax] Log[1l- i e tArcTan(ax]]
+ + -

96 anxArcTan[ax]2Log[1-1ie iArcTaniax]| 833 x Log[1+ i e *ArcTan(ax] ]
- +

Vita Vivatxt

64 axArcTan[ax]? Log[1+ i e tArcTan(ax] | 192 ax ArcTan[ax]2 Log|[1 - el ArcTanlax] |
+ +

Vi+alx® Vitalx?

8 a3 X Log[l + i e]’lAr'cTan[ax]] 48 a 712 x ArcTan [aX] Log[l +i ejAr‘cTan[ax]]
- +

96 atx ArcTan[a X]Z Log[l i1 eiAr‘cTan[ax]} 64 a x ArcTan[a X]3 Log[l i1 ejArcTan[ax]}
Vi+aZx? Jisalx?

192 ax ArcTan[ax]2 Log[1+eiArcTaniax]]  8a s X Log[Tan[i— (r+2ArcTan[ax])] |
+ +

V1 +a?x? V1 +a?x?
192 i ax ArcTan[ax]2Polylog |2, -1 e tArcTan(ax]|
A1+ a?x?

48 i anx (n-4ArcTan[ax]) PolylLog[2, i e fArcTan(ax] ]

V1 +a?x?

384 i1 axArcTan[a x] PolylLog {2’ _ @l ArcTan[ax] } 48 1 a 72 X PolylLog [2, _ i elArcTan[ax] }

+ —
192 i asrxArcTan[a x] Polylog [2, _ i elArcTan[ax] }
192 i ax ArcTan[a x] 2 PolyLog [2) _j elArcTan[ax] ]
384 1 axArcTan[ax] Polylog [2, el ArcTan[ax] ]

384 axArcTan[ax] PolylLog[3, -i e *ArcTanlax] | 192 a s x PolylLog[3, i e iArcTan(ax]]

V1 +a?%x? V1+a%x?

384 axPolylog[3, —elArcTaniax]] 192 a s x Polylog[3, - i e!ArcTan(ax] |

+ —
V1 +aZx? V1 +a?x?

384 axArcTan[ax] Polylog[3, -ie!Ar<Taniax]| 384 ax PolyLog[3, e!ArcTan(ax] ]|

+ _
V1 +a?x? V1 +a?x?

384 i a x PolylLog {4) _ i @-iArcTanfax] ] 384 i a x PolylLog [4, _ i eiArcTan[ax] }

V1 +a?x? V1 +a?x?

+

+

+

+
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1 3./c(1+a?x?) ArcTan[ax]? 1
Sec|~ArcTan[ax]| +a®c? |- +
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3 /c(1+a’x*) (ArcTan[ax] (Log[1-1ie!A"Tn[ax]] _log[1+1elArcToniaxi]) .
i (PolylLog|2, -ie*ArTan(ax]| _polylog[2, i etArcTaniax]])) +

1 —— (1 , 1
——————Jc(1+a*x*) |=~x Log[Cot[f[f—Ar'cTan[ax] K
2V1+a2x? 8 212
iﬂz [E—APCTan[axj (Log[l—ei (Z——Ar‘cTan[aX])} 7L0g[1+eﬁ (%—ArcTan[ax])]) .
4 2

i (PolyLog[z, _et (g—Ar‘cTan[aX])] _ PolyLog[z, el (g—Ar‘cTan[ax]) ] J] ~

3 7T
— 7 ((——Ar‘cTan[ax]

2 (Log[l et (%Ar‘cTan[ax])} B Log[1+ el (%—Ar‘cTan[ax]) ]) .
2 2

7
21 (*—Ar‘cTan[a X]

(PolyLog [2, _et (3*“"”3“[”1) ] ~ PolyLog [2, et (g—ArcTan[a x]) ] J .
2

2 (—PolyLog[3, _et (3*’*"”3”[”])} +Polylog|3, e’ (;-ArcTan(ax)| ] )J +

[ 1 n 4 1 (1 7 4
8 —1(——Ar‘cTan[ax] +—1(—+—(——+Ar‘cTan[ax} -
64 2 4 2 2 2
l (E_Achan[aX])B Log[l-*-ei (:LfAr‘cTan[aX]>} _ EJTS (J'l (£+ 1 [—£+Ar‘cTan[a X] _
8 \2 8 2 2 2
i 5 3
Log[1+621 (;+§(—;+Ar‘cTan[aX]))]] _ (E+ 1 (—E+Ar‘cTan[a X])) Log[
2 2 2
o e memmen )2 (T ) | poryto2, -t [ emen]
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3 ,(1, (1 b 2 (x o1 b
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4 2 2 2 2 2 2 2
1+e21 (%+§(7§+Ar‘cTan[ax]))} . 1 i PolyLog[Z, 7@21 (;+;(2+Ar‘cTan[ax]))}) .
2
2 o n
24 (5+ : [_5+ArcTan[a x] || Polylog[2, ~e?! (77 [FrareTantaxi])]
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3 (K—Ar‘cTan[a x]) PolyLog|3, —e' (%’A"Ta"[ax])] -
4 \2
3 1 (n 1 b 3 o1 b 2
- |—1 7+7(—7+Ar‘cTan[ax] —(*+*[—*+ArcTan[ax] Log[
2 3 2 2 2 2 2 2
1.2t (55 [prarernian))y (22 (—£+Ar‘cTan[a x| | PolyLog|2,
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c (1+a?2x?) ArcTan[ax]?

4+/1+a2x? (CosEAr‘cTan[a x] | 7Sin[iArcTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]

2+V1+a2x? (Cos{%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a X] ”

¢ (1+a*x?) ArcTanl[ax]?

4+/1+a%x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a x] } )2

3./ c(1+a2x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]

2+ 1+a2x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a x] H

1 3

a
24 ./ c (1+a2x2)

C3

1
-12ArcTan[ax] Cot|[~ArcTan[ax]] -
2

1
2ArcTan[ax]?Cot|~ ArcTan[ax] | -
2

5 1 2
3ArcTan[ax]?Csc[~ArcTan[ax] ] -
2

axArcTan[ax]3Csc [%Ar‘cTan [aX] ]4

21 +a?x?

12 ArcTan[a x]? Log[1 - e! ArcTan(ax] ] _

+

12 ArcTan[ax]? Log |1 + et ArcTanlaxl |, 24 | og [Tan[1 ArcTan[ax] || +
2

24 i ArcTan[a x] Polylog|2, -elArcTan(ax]] _
24 i ArcTan[a x] Polylog |2, e'ArcTantax]] _
24 Polylog|[3, -e'Ar<Taniax] ], 24 polylog[3, e*ArcTan(ax)| 4

5 1 2
3ArcTan[ax]?Sec[ = ArcTan[ax] ]| -
2

8 (1+a2x?)*?ArcTan[ax]? Sin[%Ar‘cTan [aX] }4

a3 x3

1 1
12 ArcTan[ax] Tan| = ArcTan[ax] | - 2ArcTan[ax]?Tan| — ArcTan[ax] |
2 2

Problem 437: Result more than twice size of optimal antiderivative.
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x? ArcTan[a x]3
J— dx

Ve+a?cex?
Optimal (type 4, 625leaves, 15 steps):
3+vc+atcx? ArcTan[ax]? x+/c+a?cx? ArcTan[ax]?
- +

2a3c 2a%c

+

- -y 2 32 Viriax
iV/1+a2x? ArcTan[elArcTan(ax] | ArcTan[ax]? 61V1+a®x® ArcTan[aX] Ar‘cTan[m]

al\/c+acx? al/c+atcx?
3i+/1+a?x? ArcTan[ax]2Polylog|2, -i e!ArcTanlax] |
2a3vVc+a%cx?

. -/ 232 ivisiax.
3i+/1+a?x? ArcTan[ax]2Polylog|2, i e!ArcTan(ax] ]| 3iV1+a’x Polylog[2, - JTiax ]

+ —

2a3+/c+acx? a*vc+atcx?
. 2 2 ivi1+iax .
31 \/m POlyLOg [2, ] 31+ aZ XZ ArcTan [a X] POlyLog {3’ _ i et ArcTan[a x] }
+

+

Viiax
a®VcraZcx? P eralod
34/1+a2x? ArcTan[a x] Polylog [3, i @l ArcTan(ax] }
a3cratcx?
3i+1+a%2x? PolylLog [4, _ i @l ArcTan[ax] } 31 m PolylLog [4, i el ArcTan[ax] ]
a?Vcralcex? adVeralond

Result (type 4, 1527 leaves):

+

1 3./c(1+a?x?) ArcTan[ax]? 1
— |- +
a’c 2vV1+a2x? V1+a2x?

3 C (1+ a2 X2> (Ar‘CTan[a X] (Log[l _i eiAr‘CTan[aX]} _ Log[1+ i e]’lAr‘cTan[ax] ]) 4
i (PolyLog|[2, -ie'Ar<Tan(axl] _polylog[2, i e*ArcTaniax]])) 4

1 (1, 1 n
—————/c (1+a’x?) (—*ﬂ' Log[Cot[f[f—Ar‘cTan[ax] 1] -
21+ a%x? 8 212
iﬂz (Z—Ar‘cTan[ax]] (Log[l—ej (’ZifAr‘cTan[ax])] _ LOg[1+ei (%—Ar‘cTan[ax])]] +
4 2

i (PolyLOg[Z, et (3’””"‘”“"”)} - Polylog[2, e’ (%*A"CTE‘“[”J)})) N

i]T ((I—ArcTan[a x])2 (Log[lﬂejl (%A"Ta”[ax])] - Log[1+<eiL (Z”APCTa”[aX])]] +
2 2

21 (5 -~ ArcTan([a XJ) (PolyLog[Z, _et liAreTaniax] ] _po1yiog|2, e [iAreTeniax)] }) "
2
2 (7PolyLog 3, - (§-ArcTantax)) ] +Polylog|3, e (§-ArcTan(axi ) ] J ) _

)4

4 1 (n 1 7T
+—1 (7+7 (77+Ar‘cTan[aX]
4 2

1 7T
8 ( i [*—Ar'cTan[ax}
64 2
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Z_ArcTan[a x] ) ] _

U 3 1'1(
(*—Ar‘cTan[ax} Log[lﬂe 2
2

3. (7 1 7T
Vs (Jl (—+—(——+Ar‘cTan[ax]

Log1 e 57 )
2 2 2

3

Log [1 N erL (%+§ (—%+Ar‘cTan[ax])) } .

1 T
- (—— +ArcTan[a x]
2 2

2 PolyLog [2, R} (%Ar‘cTan[a x]) ]

7
i [*—Ar‘cTan[ax} +

1 (7 1
—1(—+—[— +ArcTan[a x]

A|wow|w — 00|Fr ©|Fr
N|§

2 a1 7T
- (—+— (——+Ar‘cTan[ax])
2 2 2

1

7;+Ar‘cTan[ax])) ] . l i PolyLog[z, _(821'1 (’; > (—%+Ar‘cTan[ax])) ] J .
2

Log[1+<e (53

2

> [E L1 (— X ArcTan[ax] PolyLog[2, -’ 53 ('%*A"Ta”[a"]))] -
2 2 2 2
3 [E - ArcTan[a x] PolyLog[3, _et (%’Ardan[ax])] _
4 \2
3 T 1 3 T 1 s 2
i (—+—( — + ArcTan| ax}) —[—+—(——+Ar‘cTan[ax})
2 2 2 2 2
Log[1+e (57 [garerantan)) ) (5+ 1 [7E+Ar‘cTan[a x])
2 2 2
21 (i = (—1+ArcTan[ax])) l 2 (L+l (—1+Ar‘cTan[ax]))
Polylog[2, -e°" 272 |2 | - = Polylog[3, -e” " 272 12 1 -
2
3 [E + 1 (— a +ArcTan[ax] | | PolyLog|3, _ett (;L*%(’%*A"Ta”[“]))} -
212 2 2
3 i PolyLog[4, _el (%Ar‘cTan[ax])] B 3 i PolyLog[4, _et (%; (7§+ArcTa”[ax])) ] ]] i
4 4

¢ (1+a?x?) ArcTan[ax]?

4+/1+a2x? (Cos[iAr‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )2

3./ c(1+a2x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]}

2+/1+a?x? (Cos[iAr‘cTan[a x] ] —Sin[iAr‘cTan[a x] ])

¢ (1+a?x?) ArcTan[ax]?

+

4+/1+a2x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]}

2+/1+a%x2 (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a X] ])

Problem 509: Attempted integration timed out after 120 seconds.

2

X
J dx
(c+a?c x2)3/2 ArcTan[a x]
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Optimal (type 8, 27 leaves, 0steps):

XZ

Int[

3/2 ’ X}

(c+a?cx?)”*ArcTan[ax]

Result (type 1, 1leaves):

e

Problem 515: Attempted integration timed out after 120 seconds.

4

%
J dx
(c+a?cx?)®?ArcTan(ax]

Optimal (type 8, 27 leaves, 0 steps):

x4

Int| , X|

(c+a2cx2)5/2

ArcTan[a x]

Result (type 1, 1leaves):

2?7

Problem 1171: Result more than twice size of optimal antiderivative.

a+bArcTan[c x]
J dx

(d+ex2)3

Optimal (type 4, 893 leaves, 23 steps):
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bc x (a+bArcTan[cx])
- + +
8d (c?d-e) (d+ex?) 4d (d+ex?)?
3x (a+bArcTan(cx]| 3 (a+bArcTan[cx]) Ar‘cTan[%]
+ +
8 d2 (d+ex2) 8d5/2/e
Je (14 e | Jo e |
31'leLOg[ : < }Log[l—@] 3]'leLOg[— ¢ < ]Log[lfﬂie x}
i NTE a i vave Wl
32“/—c2 d5/2\/? 32/ _¢2 d5/2\/?
Ve (14 | Je 1 |
3ibclog-— =] Log[1+ 2L=x]  3ibecLog[— "1 Log[1 s ex]
- Ve Vd i Vad e Vd
+ _
32+/-c2 d¥2+/e 327/-c2 d°*2/e

bc(5c2d-3e) Log[1+c?x?] bc (5c¢*d-3e) Log[d+ex?]
+ +

16 d? (czd—e>2 16 d? (c:zd—e)2

V- (ﬁ—i\/?x)] = (vd—,w?x)}

3ibcPolylog|2, 3ibcPolylog|2,

V-2 WJd -ive [z Jd+ie
32+/-c? d*2+/e 32+/-c2 d52+/e
3ibcPolylog[2, “— Wawive ) 3ipe PolyLog[2, [Va+i/e ¥ ]

\J-c2 Vd -ie [z Jd +ie
32/-c2 d5/2+/e 32+/-c2 d52+/e

Result (type 4, 1922 leaves):

3aAr‘cTan[l&]
ax 3ax NED

+ +
4d(d+ex2>2 8 d? (d+ex2) 8d52+/e

+

24 24
o 5 Log[1+ (cd-e) Co:Z[Zf:cTan[CX]]} ) 3eLog[1+ (c?d-e) Cozz[if:cTan[cm] )
16c2d(c2d—e>2 16 c4 d? (czd—e)2
1 cd
3 |4 ArcTan[c x] Ar‘cTanh[i} +
32c2d(c2dfe)\/7c2de V-c?de x
c’d+e cex c2d+e . cex
2 ArcCos | - | ArcTanh| —————] - |ArcCos | - | -2iArcTanh]|
c?d-e V-ctde c?d-e V-c2de
(c2d+e—211\/—c2de)(Zczd—ZC\/—czde x) 2die
Log[l— ] + —Ar‘cCos[— ] -
(c2d-e) (2c2d+2cx/7c2de x) c?d-e

(c2d+e+211\/7c2de) (Zczdfzcx/fczde x)

X

ZiAr‘cTanh[L} Log[1 - |+
V-c2de (czd—e) (2c2d+2cx/—c2de x)
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c2d+e . cd cex
ArcCos | - | -21i |ArcTanh| ——————] + ArcTanh|[ ————]
c’d-e Vv-c?de x V-c2de
\/?ﬂ/—czde e-iArcTan[cx]
Log | |+
Veid-e \/c2d+e+ (c2d-e) Cos[2ArcTan[c x] ]
c’d+e ] cd cex
ArcCos [ - | +21 |ArcTanh| —————] + ArcTanh| ————
c’d-e Vv-c2de x V-c2de
\/Tﬂl_czde el ArcTan[cx]
Log[ }Jr

Vec2d-e \/c2d+e+(c2d—e) Cos[2 ArcTan[c x] ]
(c2d+e—2j1\/—c2de) (2c2d—2cx/—c2de x)
Polylog|2, ] -

(czd—e) (2c2d+2cx/—c2de x)
c2d+e+21'1\/—c2de) (Zczd—ZC\/—czde x)

(czdfe) (2c2d+2cx/7c2de x)

i

PolyLog[Z, (

! 3e |4 ArcTan[c x] Ar‘cTanh[L] +
32 ¢4 d? (czd—e) V-c?de V-c2de x
2d+e cex c2d+e . cex
2Ar‘cCos[— ]Ar‘cTanh[i] - Ar‘cCos[— }—21Ar‘cTanh[7
c’d-e V-c?de c?d-e V-c?de
[ (c2d+e7211\/7c2de) (2C2d72C\/7C2de x)]
Log[1 - .
(czdfe) <2c2d+2cx/7c2de x)
c’d+e . cex
-ArcCos | - | -21iArcTanh | —————
c’d-e V-c?de
{ (c2d+e+2jm/7c2de) (2c2d72cx/7c2de x)}
Log[1 - .
(czd—e) <2c2d+2cx/—c2de x)
c2d+e . cd cex
ArcCos | - | -21i |ArcTanh| ——————] + ArcTanh|[ ————] ]
c’d-e Vv-c?de x V-c2de
\Emefim‘dan[cx]
Log| |+
Vc2d-e \/c2d+e+(c2d—e) Cos[2 ArcTan[c x] ]
c2d+e , cd cex
ArcCos | - +21 |ArcTanh| —————] + ArcTanh| —————|
c?d-e v-cZde x V-ctde
ﬁmeimﬂan[cx]
Log| |+

Ve2d-e \/c2d+e+ (c2d-e) Cos[2ArcTan[cx]]
(c2d+e—21'1\/—c2de) (Zczd—ZCV—che x)
(c2d-e) (2c2d+2cx/—c2de x)

PolyLog|2,

i
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PolylLog [2,

(c2d+e+2j1\/—c2de) (2c2d—2cx/—c2de x)
(c2d-e) (2c2d+2c:\/7c2de x) J

(eArcTan[c x] Sin[2ArcTan|c x}])/(z c*d (c*d-e)

(c*d+e+c*dCos[2ArcTan[cx]] -eCos[2ArcTan[c x}])z) +
(2c*de+5c*d®*ArcTan[c x] Sin[2ArcTan[cx]] -8 c*deArcTan[cx] Sin[2ArcTan[cx]] +

3e?ArcTan[c x] Sin[2 ArcTan[c x] ] ) /

(8c4d2 (czd—e)2 (c?d+e+c*dCos[2ArcTan[cx] ] —eCos[ZAr‘cTan[cx}]))

Problem 1173: Result unnecessarily involves imaginary or complex numbers.

JXE' \Jd+ex* (a+bArcTan[cx]) dx

Optimal (type 3, 223 leaves, 9 steps):
b(c2d-12e) xVd+ex? bx(d+ex2>3/2

120c3e 20ce
d(d+ex?)®? (a+bArcTan[cx]) (d+ex?)®? (a+bArcTan[cx])
+ +
3 e? 5 e?

b (czd—e)3/2 (2c2d+3e) ArcTan[@} b (15c*d?+20c2de-24¢?) Ar‘cTanh[ﬂ}

d+e x? ~/ d+e x?

+
15 c® e? 120 c® e3/2

Result (type 3, 391 leaves):

-c2+/d+ex? (Sac3 (Zdzfdex273e2x4> +bex (712e+c2 (7d+6ex2>)) -

1
120 c® e?

8bc’\/d+ex* (2d°-dex®-3e’x*) ArcTan[cx] -
60 i cb e2 (cdfjex+\/c2dfe \/d+ex2)
4ib(c2d—e>3/2(2c2d+3e> Log|- |+
b (czd—e)S/2 (2c?d+3e) (i+cx)

60 i cb e2 (cd+1‘1ex+\/c2d—e \/d+ex2)
4Jib(c2d—e>3/2(2c2d+3e> Log| |+
b (czd—e)s/2 (2c?d+3e) (-i+cx)

bve (15c*d*>+20c’de-24¢?) Log[ex+\/?x/d+ex2]

Problem 1175: Result unnecessarily involves imaginary or complex numbers.

JX\/d-%—EXZ (a+bArcTan[cx]) dx
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Optimal (type 3, 140 leaves, 7 steps):

bx/d+ex? (d+ex2)3/2 (a+bArcTan[cx])
- +
6cC 3e

b (czd—e)3/2Ar‘cTan[@] b (3c2d-2e) Ar‘cTanh[&}

d+e x? d+e x?

3c3e 6c3\e
Result (type 3, 279 leaves):

1

c*y/d+ex* (-bex+2ac (d+ex?))+2bc? (d+ex2)3/2Ar‘cTan[cx] -

6c3e

12c*e (—jcd+ex—j\/c2d7e \/d+ex2)
ib(czd—e)s/zLog[ |+
b (czd—e)S/2 (-i+cx)

12cte (jcd+ex+j\/c2dfe \/d+ex2)
ib (czd—e)B/zLog[

|+

b (czd—e>5/2 (i+cx)

bve (-3c*d+2e) Log[ex+@xld+ex2]

Problem 1180: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
4

Vd+ex? (a+bArcTan[cx])
J X
Optimal (type 3, 137 leaves, 9 steps):
bc/d+ex? (d+ex2)3/2 (a+bArcTan[cx])

6 X2 3dx3

bc(2c2d-3e) Ar‘cTanh[@} b (czd—e)”zAr‘cTanh[c — ]

d c?d-e

6d 3d
Result (type 3, 288 leaves):

+
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1
6dx3

\Jd+ex* (bcdx+2a(d+ex®)) +2b (d+ex2)3/2Ar‘cTan[cx] +

bc/d (2c2d-3e) X’ Log[X] -bcA/d (2c2d-3e) x> Log[d+/d \Jd+ex? | +
12cd (cd—iex+\/c2d—e \/d+ex2>
b (czdfe)3/2x3 Log | +
b (czd—e)S/2 (i+cx)

12cd(cd+iex+\/c2d—e \/d+ex2)

b (c2d-e)*?x3 Log
| ) [ b(czd—e)S/2 (-i+cx)

Problem 1182: Result unnecessarily involves imaginary or complex numbers.

J\/dJrex2 (a+bArcTan[cx])

dx

x6

Optimal (type 3, 224 leaves, 10 steps):
bc(12c2d-e) Vd+ex? bc (d+ex?)’?
120d x? ) 20d x4 .
(d+ex?)®? (a+bArcTan[cx]) 2e (d+ex?)*? (a+bArcTan[cx])

+ —

5d x° 15 d? x3

bc <24 C4 d2720 CZde715 e2> Ar‘cTanh[3 d+e x2 ] b (Czd*e>3/2 (3 c2d+2e) Ar‘cTanh[@]
NED c?d-e
+
120 d3/2 15 d?

Result (type 3, 413 leaves):

1
120 d?2 x°

-1/ d+ex? (Sa (3d2+dex2—2e2x4> +bcdx<7ex2+d (6—12c2x2))) -

8b+/d+ex? (3d*+dex?-2e’x?) ArcTan[cx]+bcx/?<24c4d2—20c2de—15e2> x° Log[x] -
bC\/?(24c4d2—20c2de—15e2) x5Log[d+\/?x/d+ex2]+
60 c d? (cd—jex+\/c2d—e \/d+ex2)
4b(c2d—e)3/2 (3c2d+2e) x> Log|- |+
b(czd—e)S/2 (3c2d+2e) (i+cx)

60 c d2 (cd+iex+\/c2dfe \/d+ex2)
4b (czd—e)g’/2 (3c?d+2e) x> Log|-

b (czd—e)S/2 (3c2d+2e) (-i+cx)

Problem 1183: Result unnecessarily involves imaginary or complex numbers.

ng' (d+ex2)3/2 (a+bArcTan[cx]) dx

Optimal (type 3, 279leaves, 10 steps):
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b(3c*d?+54c2de-40e?) xVd+ex? b (13c2d-30e) x (d+ex2)3/2

560 c® e 840 c3e
bx<d+eX2)5/2 d(d+ex2>5/2 (a+bArcTan[cx])
a2ce 5 o2 +
7/2 b(Czd—E)S/Z (2c2d+5e) Ar‘cTan[@}
(d+ex?)”* (a+bArcTan[cx]) s
7e? ’ 35c’e? :

b (35c6d*+70c*d?e-168c2de? + 80 e?) Ar‘cTanh[&}

d+e x?

560 ¢’ e3/2

Result (type 3, 418 leaves):

ot c2~/d+ex? (48ac® (2d-5ex?) (d+ex?)%+
\ ( ( ) )

1680 c’ e?

bex (120e2—6c2e (37d+10ex2) +c? (57d2+106dex2+40e2x4>)) +
48bc’ (2d-5ex?) (d+ex2)5/2Ar'cTan[cx} +241b (czd—e)S/2 (2c*d+5e)

[ 1401c8e2(cd—jex+\/c2d—e \/d+ex2)}
Log[- -
b (czd—e>7/2 (2c2d+5e) (i+cx)

140 i c8 e2 (cd+1‘1ex+\/c2dfe \/d+ex2)
24ib(c2d—e)5/2(2c2d+5e) Log| | -
b(c2d-e)”? (2c2d+5e) (-i+cx)

3be (35c°d*+70c*d’e-168c*de’ + 80 &) Log[ex+@xld+ex2]

Problem 1185: Result unnecessarily involves imaginary or complex numbers.
Jx (d+ex2)3’/2 (a+bArcTan[cx]) dx

Optimal (type 3, 181 leaves, 8 steps):
b(7c2d-4e)x/d+ex? bx(d+ex?)*? (d+ex?)*? (a+bArcTan[cx])

+ —

40 c3 20 ¢ 5e
b (czd—e)S/zAr‘cTan[@] b (15 c4d?-20 c2de+8e2> Ar‘cTanh[@}
d+ex’ A d+ex?
5c’e 40c5 e

Result (type 3, 313 leaves):
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1
49 c e

c2\/d+ex? (Sac3 <d+ex2)2+bex (4e-c? <9d+2ex2))) +8bc® (d+ex2)5/2Ar‘cTan[cx] -

20cbe (—icd+ex—i\/c2d—e \/d+ex2>
4ib(c2d—e)5/2Log[ |+
b (czdfe)w2 (-1+cx)

20cbe (J‘lcd+ex+i\/c2d—e \/d+ex2)
4ib (c2d-e)”?Log| | -
b (czdfe)”2 (1+cx)

bve (15c*d?>-20c*de+8e?) Log[ex+ /e \/d+ex? |

Problem 1192: Result unnecessarily involves imaginary or complex numbers.

J(d+ex2)3/2 (a+bArcTan[cx])

dx

x6

Optimal (type 3, 178 leaves, 10 steps):
bc(4c2d-7e)Vdrex? bc(d+ex?)’? (d+ex?)®? (a+bArcTan[cx])

40 x? 20 x4 5dx°®

+ 2
bc<8c4d2—20c2de+15e2)Ar‘cTanh[Ad*rZE] b (c?d-e)*? ArcTanh[ <=

c?d-e

+

40+/d 5d
Result (type 3, 334 leaves):

1
40 d x°

—-+/d+ex? (8a <d+ex2)2+bcdx (9ex2+d (2—4c2x2>)) -

8b (d+ex2)5/2Ar'cTan[cx} +bcr/d (8c*d*-20c*de+15e?) x° Log[x] -
bcd (8c*d?-20c?de+15€e?) x° Log[d+~/d +/d+ex? | +
20cd (cd—jlex+\/c2d—e \/d+ex2)
4b (c?d-e)”?x° Log|- +
b (c2d-e)”? (i+cx)

29cd(cd+1‘1ex+\/c2d—e \/d+ex2)

4b (czd—e>5/2x5 Log|-
b(c2d-e)”? (-i+cx)

Problem 1193: Result unnecessarily involves imaginary or complex numbers.

JXE' (d+ex2)5/2 (a+bArcTan[cx]) dx

Optimal (type 3, 345leaves, 11 steps):



82 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

b (59 c®d®+712c*d?e- 1104 c2de? + 448 €3) x /d + e x?

8064 c’ e
b (69c4d2—520c2de+336e2) X (d+ex2)3/2 b (33c2d—56e) X (d+ex2)5/2

12096 c e 3024c3 e

bx (d+ex?)”? d(d+ex?)”? (a+bArcTan[cx]) (d+ex?)”? (a+bArcTan[cx])
- + +

72ce 7 e? 9 e?

b (czd—e)7/2 (2c2d+7e) Ar‘cTan[@}

~/ d+e x? 1
+
63 ¢’ e? 8064 c° e3/2
ve X
b (315 c® d* + 840 c® d® e - 3024 c* d* e? + 2880 c* d e® - 896 €*) ArcTanh| ————|
Vd+ex?
Result (type 3, 470leaves):
1
24192 c® e?

c?+/d+ex? (384ac7 (2d—7ex2) (d+ex2)3+bex (-1344e+48c%e® (83d+14ex?) -

8cte (453d2+242dex2+56e2x4) +3c® (187d3+558d2ex2+424de2x4+112e3x6))) +

384bc® (2d-7ex?) (d+ex?)’’? (2c2d+7e)

ArcTan[cx] +192i b (c*d- e>7/2

| 252]‘1c19e2(cd—jex+\/c2d—e \/d+ex2)]
Log|- _
b (czd—e)g/2 (2c2d+7e) (i+cX)

252 i c10 g2 (cd+]1ex+\/c2d7e \/d+ex2)
1921‘1b(c2d—e)7/2 (2c?d+7e) Log| |+
b(c2d-e)”? (2c2d+7e) (-i+cx)

3bve (-315c%d*-840c®d’e+3024c*d?e? - 2880 c>d e’ + 896 ¢*) Log[ex+/e \/d+ex? ]

Problem 1195: Result unnecessarily involves imaginary or complex numbers.

Jx (d+ex2)5/2 (a+bArcTan[cx]) dx

Optimal (type 3, 233 leaves, 9 steps):



Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb | 83

b(19c*d?-22c?de+8e?) xVd+ex? b (11c2d-6e)x (d+ex2)3/2

112 c® 168 3

b (c2d —e)7/2 Ar‘cTan[@]

bx(d+ex2)5/2 <d+ex2)7/2 (a+bAr‘cTan[cx}> drex?

+ —

42 c 7e 7c’e

b (35c5d>-70 c*d?e+ 56 c2de? - 16 e2) ArcTanh [ L]

d+e x?

112c7 e
Result (type 3, 353 leaves):

= c?+/d+ex?

336c’ e

(48ac5 (d+ex?)>-bex (24e>-6c’e (13d+2ex?) +c* (87d2+38dex2+8e2x4))) +

48bc’ (d Jrexz)”2 ArcTan[c x] -

28c8e(—icd+ex—i\/c2d—e \/d+ex2>
24ib (c2d-e)”? Log| ]+
b (czdfe)g/2 (-i+cx)

28c8e (J‘Lcd+ex+j\/c2d—e \/d+ex2)
24jb(c2d—e)7/2Log[ |+
b (czd—e)g/2 (i+cx)

3bve (-35cd*+70c*d’e-56c2de? +16€e%) Log[ex+ /e \/d+ex? |

Problem 1201: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JX3 (a+bArcTan[cx]) i
X

Vd+ex?
Optimal (type 3, 176 leaves, 8 steps):
bxVd+ex2 dvd+ex® (a+bArcTan[cx]) (d+ex2)3/2 (a+bArcTan[cx])

+ +
6ce e? 3e?
bvVc2d-e (2c?d+e) ArcTan[@} b(3ctd+2e) Ar‘cTanh[—\@]
d+e x? d+e x?
3c3 e2 * 6c3 e3/2

Result (type 3, 377 leaves):
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1] drex’ [bexrac(4d-2ex?)) +2b (-2d+ex?)\/d+ex® ArcTan[cx] -

6 e? c

12 i c* e?

cd-iex+yc2d-e /d+ex?
b\/m (-2c*d?+c* dere?) (i+cx) ]

c3Vcld-e

icte [casexa/dae oot

b\/m (-2c*d*+c?de+e?) (-i+cx) }

c3vc?d-e

ib(2c*d?-c2de-e?) Log|

+

ib(2c*d?-c?de-e?) Log|-

+

bve (3c?d+2e) Loglex+e Vd+ex? |

c3

Problem 1203: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bArcTan[cx]) 5
X

Vd+ex?
Optimal (type 3, 103 leaves, 6 steps):
bvcid-e Ar‘cTan[@} b ArcTanh | 4&}

d+e x? d+e x?

Vd+ex? (a+bArcTan[cx])

e ce c \/?
Result (type 3, 251 leaves):

1
2ac+/d+ex? +2bc~/d+ex? ArcTan[c x] -

2ce

4c2e(-icdrex-ivc2d-e Vdrex?
iby/c?d-e Log| ( )]+

b (czd—e)3/2 (-i+cx)

4c?e(icd+rex+iVcid-e Vd+ex?
ib+/c?d-e Log| ( )}—Zb\/?Log[ex+\/?x/d+ex2}

b (czd—e>3/2 (i+cx)



Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb | 85

Problem 1206: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
Ja +bArcTan[c x]
x2\/d+ex?

Optimal (type 3, 100leaves, 7 steps):

dx

JJdiex? b+ c2d-e ArcTanh cifdext
Vd+ex? (a+bArcTan[cx]) b c ArcTanh | J%X ] [ 2d-e )

- +

dx Jd d
Result (type 3, 247 leaves):

—Za\/d+ex2 —2b\/d+ex2 ArcTan[cx] +2bc+/d xLog[x] -
2dx

4cd(cd—1‘1ex+\/c2d—e \/d+ex2)
2bcx/?xLog[d+\/?\/d+ex2}+b\/c2d—e x Log| - ]+

b (czd—e)a/2 (1+cx)

4cd(cd+iex+Vc2d-e vd+ex?
b+/c?d-e xLog|- ( )]

b (czd—e>3’/2 (-i+cx)

Problem 1208: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcTan[c x]
J AT exd
Optimal (type 3, 179leaves, 9 steps):

bcvd+rex? \/m(aHbAr‘cTan[cx]) ZeW(aerAr‘cTan[cx])

X

+ +
6 d x2 3dx3 3d?x
bc <2c2d+3e) Ar‘cTanh[l:d*”2 ] byc?d-e (c2d+2e) Ar‘cTanh[@]
Jd c?d-e
6d3/2 B 3d2

Result (type 3, 372leaves):
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1 |Vd+ex? (bcdx+2a(d-2ex?)) 2b(d-2ex?)+d+ex* ArcTan[cx]

-— + +
6 d? x3 x3

bcd (2c2d+3e) Log[x] -bc+/d (2c*d+3e) Log[d+~/d \/d+ex? | +
12 c d? (c d-iex+y/ c2d-e ~/ d+ex? ] }

by c?d-e (c*d’+c*de-2e?) (i+cx)

Vcid-e

12 c d? (c d+i ex+/ c?2d-e +/d+ex?
by c?d-e (c*d’+c*de-2e?) (-i+cX)
Vc2d-e

b (c*d?+c2de-2e?) Log|

+

b (c*d?+c2de-2e?) Log|

]

Problem 1209: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz’ (a+bArcTan[cx]) 4
X

(d+ex2>3/2

Optimal (type 3, 137 leaves, 7 steps):
d (a+bArcTan[cx]) +d+ex? (a+bArcTan[cx])

+ —

e2+/d+ex? e?
b (2 czd—e) Ar‘cTan[@} bArcTanh[ﬂ}
d+e x? d+e x?
cVcid-e e? ce’d’?

Result (type 3, 321 leaves):
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1
2 e?
4c2 ez[ icd+ex-i+/c?d-e ~/d+ex?
ib(2c2d-e) Log| ]
2a (2d+ex2) 2b (2d+ex2) ArcTan[c x] ctd-e (2cd-e) (-ircx)
+ - +
Vd+ex? Vd+ex? cvcid-e
4c?e? |icd+ex+i/c’d-e \/d+ex2]
ib(2c2d-e) Log| ]
by c?d-e (2c*d-e) (i+cx) 2b\/?Log[ex+\E \/d+EX2]
cvcid-e c

Problem 1211: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

Jx (a+bArcTan[cx])

(d +e XZ) 3/2

Optimal (type 3, 71leaves, 3 steps):

bcAr‘cTan{@]
a+bArcTan[c x] d+e x2
- +
eVd+ex? Vcid-e e

Result (type 3, 210leaves):

1 2a 2bArcTan[c x]

-— + +

2e|/drex? \d+ex?

4ie [c d-iex+y/ c?2d-e 1/ d+ex?

4ie [c d+i e x+1/ c?2d-e +/d+ex?

ibclog|- | ibclog] ]
b~/ c?d-e (i+cx) b~/c?d-e (-i+cx)
Vcid-e Vcid-e

Problem 1212: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcTan[c x]
J dx

(d +e XZ) 3/2

Optimal (type 3, 70leaves, 5steps):
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bAr‘cTanh[@}
X (a+bAr‘cTan[cx]) Jerde
.
d+/d+ex? dvc?d-e

Result (type 3, 202 leaves):

1 2ax 2bxArcTan[c x]

— + +

2d Vd+ex? Vd+ex?

4cd (c d-iex+/ c?d-e +/d+ex?

4cd [c d+i e x+\/ c?d-e +/d+ex? ]

b Log|- bLog|-
[ b~/c?d-e (i+cx) } { b~/c?d-e (-i+cx)
+
Veid-e Vcid-e

Problem 1214: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ja +bArcTan[c x]
X

x2 (d+ex2)3/2

Optimal (type 3, 135leaves, 8steps):

a+bArcTan[cx] 2ex (a+bArcTan[cx])

dx+d+ex? d>Vd+ex?
b cAr*cTanh[lZ‘“eXZ ] b (c2d-2e) Ar‘cTanh[@}
NES c?d-e
.
¢2/2 @Zd e

Result (type 3, 306 leaves):

1
2d?

2a(d+2ex?) 2b(d+2ex?) ArcTan[cXx]

xVd+ex? xVd+ex?

+2bc~/d Log[x] —2bcx/?Log[d+\/Fx/d+ex2 |+

4cd?

b(c?d-2e) Log|-

4 c d? [c d-iex+\/ c?d-e \/drex? } , [ cd+iex+\/ c?d-e +/drex? ]
b(c’d-2e) Log|-
b (c?d-2e)+/c?d-e (i+cx) ( ) b (c2d-2e)+/c?d-e (-i+cx)
Vetd-e Ve2d-e
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Problem 1216: Result unnecessarily involves imaginary or complex numbers.

a+bArcTan[c x]
J dx

x4 (d+ex2)3/2

Optimal (type 3, 249 leaves, 14 steps):
bcvd+ex?* a+bArcTan[cx] 4e(a+bAr‘cTan[cx])

- + +

6 d* x? 3dx3+/d+ex? 3d2x+/d+ex?

+ 2
8e’x (a+bArcTan[cx]) b c e ArcTanh | d\/gx ]

+

3d3/d+ex? 6 d>/2

bc(c2d+ae) Ar‘cTanh[lZd*r:XZ ] b(c*d*+4c?de-8e?) Ar‘cTanh[@}

c?d-e

3d°2 3d3+/c2d-e
Result (type 3, 405leaves):

1 |bcdx(d+ex?)+2a(d®>-4dex?-8e’x*) 2b (d>-4dex?-8e’x*) ArcTan[c x]

— + +

6 d x3/d+ex? x3/d+ex?

bcd (2c2d+9e) Log[x] —bc+d (2c2d+9e) Log[d+\/d_x/d+ex2 |+
12cd {cd_jem\/mm
br/c2d-e (c*d2+acide-ge?) (i+cx) )
Verd-e

12cd? [c d+i e x+1/ c2d-e +/ d+e x?
by c?d-e (c*d?+4c?de-8e?) (-i+cx)
Vc2d-e

b(c*d?+4cde-8e?) Log|

+

b(c*d?+4cde-8e?) Log|

Problem 1218: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx3 (a+bArcTanfcx]) 4
X

(d+ex2>5/2

Optimal (type 3, 143 leaves, 6 steps):
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bcx d (a+bArcTan[cx])

+ —

3 (c?d-e)evVd+ex? 3e? <d+ex2)3/2

bc (Zczd—Be) Ar‘cTan[@]

a+bArcTan[c x] \Jd+ex?
+
e2+/d+ex? 3 (c2d-e)??e?

Result (type 3, 326 leaves):
2+/c*d-e (bcex(d+ex®)-a(c*d-e) (2d+3ex?)) -

2b(c2d—e)3/2 (2d+3ex*) ArcTan[cx] -
12i+vVc2d-e e2 (cd—jex+\/c2d—e \/d+ex2>
ibc(2c*d-3e) (d+ex2)3/2Log[— ]+
b(2c?d-3e) (i+cx)
12i+c2d-e e? (cd+jex+\/c2d—e \/d+ex2)
b(2c?d-3e) (-i+cXx) }/

ibc(2c¢*d-3e) (d+ex2)3/2Log[

(6 (c2d-e)*?e (d+ex2)3/2)

Problem 1219: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz (a+bArcTanfcx]) 4
X

(d+ex2>5/2

Optimal (type 3, 109 leaves, 5 steps):

bAr‘cTanh[Jzc drex? ]
bc x3 (a+bAr‘cTan[c x]) NEYIN
. _
3(c2d-e)ed+ex? 3d (d+ex?)?? 3d (c2d-e)??
Result (type 3, 252 leaves):
1 2adx 2 (bcd+a(c*d-e)x) 2bx3ArcTan[cx]

_6d e(d+ex2)3/2 (czd_e>e\/d+ex2 <d+ex2)3/2

12cd+/c?d-e (c d-iex+\/ c?d-e +/d+ex? 12cd+/c?d-e |cd+iex+/c?d-e +/d+ex?
bLog| ' | blog] ' ]
b (i+cx) . b (-i+cx)
<C2d—e)3/2 <c2d—e)3/2

Problem 1220: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Jx (a+bArcTan[cx]) 5
X

<d+ex2)5/2

Optimal (type 3, 110leaves, 4 steps):

bc3 Ar‘cTanP:Czd’e *]
b cx a+bArcTan[c x] A/ d+e x?
- - +
3d (c>d-e) Vdrex? 3e(d+ex?)’? 3 (c2d-e)*?e

Result (type 3, 259 leaves):

2a 2bcx 2bArcTan[c x]

e(d+ex?)’? (c2d>-de)Vdrex? e(d+ex?)’?

1
6

12i+/c?d-e e [c d-iex+\/ c?d-e 1/ d+ex?

bc? (1+cx)

12i+/c?d-e e [c d+i e x+\/ c?d-e /d+ex?

bc? (-i+cx) ]

ibc?Log|-

| ibc®Log|

N
(czd—e)3/2e (czd—e)3/2e

Problem 1221: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
Ja+bAr‘cTan[c X]

(d+ex2)5/2

dx

Optimal (type 3, 144 leaves, 7 steps):

bc x (a+bArcTan[cx])
- + +

3d (c2d-e) Vd+ex? 3d (d+ex?)??

b(3c2d-2e) Ar‘cTanh[@]

c?d-e

2x (a+bArcTan[cx])

+

3d2+/d+ex? 3 d2 (czdfe)”2

Result (type 3, 317 leaves):
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2+/c*d-e (-bcd(d+ex?) +a(c*d-e) x (3d+2ex?)) +

2b(czd—e)3/2x(3d+2ex2>Ar‘cTan[cx]+
12cd*vc2d-e (cd—ilex+\/c2d—e \/d+ex2)
b(3c*d-2e) (d+ex2)3/2Log[— |+
b(3c2d—2e) (i+cx)
12cd?+/c?d-e (cd+1’1ex+\/c2d—e \/d+ex2)
b(3c?d-2e) (-i+cXx) }/

b (3c*d-2e) (d+ex2)3/2Log[f

(Gd2 (czd—e)g’/2 <d+ex2)3/2)

Problem 1223: Result unnecessarily involves imaginary or complex numbers.

a+bArcTan[cx]
J dx

x2 <d+ex2)5/2

Optimal (type 3, 274 leaves, 13 steps):

bc 8be b(3c*d?-12c2de+8¢e?)
d?Vd+ex? 3cd®drex? 3cd(c?d-e)/drex?
a+bArcTan[cx] 4ex (a+bArcTan[cx]) 8ex (a+bArcTan[cx])

dx(d+ex2)3/2 3d2 (d+ex2)3/2 3d3+/d+ex?

bcAr‘cTanh[lldJ;XZ ] b (3 c*d?-12 czde+8e2> Ar‘cTanh[@]

c?d-e

d>2 ' 3d% (c2d-e)’?
Result (type 3, 418 leaves):
1 2adex 2e (bcd+5a (-c?d+e) x)
| = + —
6d>| (d+ex?)’? (2d-e) Vd+ex?
6a/d+ex2 2b(3d?+12dex?+8e?x*) ArcTan[cx]

- +
X x(d+ex2)3/2

6bc+/d Log[x] -6bc+/d Log[d+d Jdrex? | + —————

1
(c2d-e)*?
12cdVc?d-e [cd-iex+Vcid-e Vdrex |
b(3c*d?-12c2de~+8e?) (i+cx]
1 12cdVc?d-e [cdriex+Vc?d-e Vdrex?

——————b (3c*d’-12c*de+8¢e?) Log|-
(czd—e)g’/2 b(3c*d*-12c2de+8e?) (-i+cCx]

b(3c*d?’-12c?de+8e?) Log|-
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Problem 1225: Result unnecessarily involves imaginary or complex numbers.

a+bArcTan[c x]
J dx

x4 <d+ex2)5/2

Optimal (type 3, 423 leaves, 18 steps):

bce 16 b e? bc(c*d+6e) b(c2d-2e) (c*d*+8c?de-8e?)
_ N _ N _
2d3Vd+ex? 3cd*Vd+ex? 3d3/d+ex? 3cd* (c?d-e) Vd+ex?

bc a+bArcTan[cx] 2e (a+bArcTan[cx])

- +
6d2x2\/d+ex? 3dx? (d+ex?)?? d?>x (d+ex?)>?
A/ d+e x?

8e’x (a+bArcTan[cx]) 16e?x (a+bArcTan[cx]) bceArcTanh | Ne ]

+

N
3d® (d+ex?)?? 3d4drex? 24772

bc <c2d+6e) Ar‘cTanh[lzigxz ] b (czd—Ze) <c4d2+8c2de—8e2) Ar‘cTanh[@]

c?d-e

3d7/2 3d4 (czd_e>3/2

Result (type 3, 5101leaves):
1 [2a(d®-6d’ex?-24de?x*-16e*x®) bcd (e (-d+ex?) +c?d (d+ex?))
—_— +

6 d* x3 (d+ex2)3/2 (c?d-e) x*Vd+ex?

2b (d®*-6d*ex?-24de? x* - 16 e x®) ArcTan[c x]

+

+bc/d (2c*d+15e) Log[x] -
x> (d+ex?)??

bcvd (2c2d+15e) Log[d++/d +/d+ex? | PR — (c®d®+6c*d’e-24c*de? +16¢€%)

(c2d-e)*?

12cd*/c?’d-e (cd—jlex+\/c2d—e \/d+ex2) 1
Lo
el b(c®d®*+6c*d’e-24c?de?+16¢€%) (i+cx) ’ (c2d7e>3/2

12cd*c2d-e (cd+1‘1ex+\/c2d—e \/d+ex2)

b (c6d3+6c4d2e—24c2de2+16e3) (—Ji+cx)

b(c®d®+6c*d’e-24c?de?+16¢€’) Log|

Problem 1226: Result unnecessarily involves imaginary or complex numbers.
JAr'cTan[a X] dx

<c+dx2)7/2

Optimal (type 3, 208 leaves, 8 steps):
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a a(7a’c-4d) x ArcTan[a x]
- - + +

15¢ (a?c-d) (c+dx2)3/2 15 ¢? (azc—d)zvc+dx2 5c (c+dx2)5/2

(15 a4C2—2032Cd+8d2) Ar‘cTanh[@]

4 x ArcTan[a x| 8 x ArcTan[a X] ) a%c-d
+ +
15¢2 (c+dx?)¥? 153 +/crdx? 15¢* (a?c-d)*?

Result (type 3, 345leaves):

1 2ac(—d(5c+4dx2)+a2c<8c+7dx2))

- +

30c? (—a2c+d)2(c+dx2)3‘/2
2x (15c?+20cdx? +8d? x*) ArcTan[a x] . 1 (15a¢ ¢ 2047 cd+ 8 c?)
(c+dx?)®? (a?c-d)°?
60ac’ (a’c-d)*? (ac—idx+\/a2c—d \/c+dx2) 1
Log| -
el (15a*c?-20a’cd+8d?) (i+ax) - (azc—d)S/2

60 a c3 (azc—d)3/2 (ac+]1dx+\/a2c—d \/c+dx2)

(15a*c?-20a’cd+8d?) Log|-
(15a*c2-20a’cd+8d?) (-i+ax)

Problem 1227: Result unnecessarily involves imaginary or complex numbers.
JAr'cTan[a X] dx

(c+dx2)®?

Optimal (type 3, 293 leaves, 8steps):
a a(ll1a’c-6d)

_35c (a?c-d) (c+dx2)5/2 105 c2 (azc—d)2 (c+dx2)3/2

a(19a*c?-22a%cd+8d?*) xArcTan[ax] 6 x ArcTan[a x] 8 x ArcTan[a Xx]
+

+ + +
35¢3 (azc—d)3\/c+dx2 7c (c+dx2)7/2 35 ¢2 (c+dx2)5/2 35¢3 (c+dx2)3/2

(35a°c®-70a%c2d + 56 a% cd? - 16 d) Ar‘cTanh[@]
16 x ArcTan[a X] a?c-d
+

35c4/c+dx? 35¢* (a?c-d)”?
Result (type 3, 450leaves):
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- [[2ac (3 (- crd)P e (11ate6d) (ate-a) (crdx) -
3(19a%c? 22 cd 8] (cvdn?)’]] /[(atcd)” (e dx) ) )
6x (35> +70c2dx?+56cd>x*+16 d*x°) ArcTan[a x] 1

.
(crdx?)”? (a?c-d)7?
3(35a°c*-70a%*c*d+56a%cd®-16d)
140ac* (a?c-d)>? (ac—jldx+\/a2c—d \/c+dx2)

Log[— }+
(35a6c3-70a4c2d+56a2cd2-16d3) (i+ax)

1

ﬁB (35a°c®-70a*c*d+56a%cd®- 16 d*)
a’c-d

140 a c* (azc—d)s/2 (ac+1’1dx+\/a2c—d \/c+dx2)

]

Log| -
g[ (35a6c3-7ea4c2d+56a2cd2—16d3) (—Ji+aX)

Problem 1241: Result more than twice size of optimal antiderivative.

JX—S—ZP (d+ex?)P (a+bArcTan[cx]) dx

Optimal (type 6, 129 leaves, 4 steps):
1
2 (1+3p+2p?)

2\ -

p 2
X ) Appe11F1[l (-1-2p), 1, -1-p, 1 (1-2p), -2x%, _&X
2 2

FRE

becx12P (drex?)? {1+

x-2 (1+p) (d +e xz)l*p (a +bArcTan[c x] )

2d<1+p>

Result (type 6, 566 leaves):



96 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

-2-2p 2\ 1+p
ax d+ex
_ ( ) +_bX7372p<CX)3+2p

2d (1+p) c
X 1 5 1 1 e x? -
([c d(-1+2p) (cx) P(d+ex )"AppellFl[—g—pJ -p, 1, g—p, —T, -2 x?| /
2
{2(1+p) (1+2p) (1+c?x%) |c*d (-1+2p) AppellFl[—l—p, -p, 1, l—p, —%,
2 2

1 3 e x? . 5
7epAppe11F1[;7p, 1-p,1, gfp, T -c2x?] +c

)

(e (-3+2p) (cx)t2P (d+ex2)pAppe11F1[lfp, -p, 1, i7p, L -2 x?|
2 2

—czxz} +2c2x?

1 3 e x? ) 5
dAppellFl[ = -p, -p, 2, = -p, - ——, -c* x|
2 2 d

2 (1+p) (-1+2p) (1+c2x?)

1 3 e x?
{czd (-3+2p) AppellF1[=-p, -p, 1, —-p, -——, - X*] +
2 2 d
3 5 e x? _—
—epAppellFl[g—p,l—p, 1, g—p, 77d , —C x]+

)+

( € ! (c x) 2P <d+ex2)pAr‘cTan[cx]J

2c2x?

3 5 e x?
c®dAppellFl[=-p, -p, 2, —-p, -—, —czxz})
2 2 d

224 (1+p) 2c®(1+p)x?
Problem 1243: Result more than twice size of optimal antiderivative.
JX’S’ZP (d+ex?)? (a+bArcTan[cx]) dx

Optimal (type 6, 285 leaves, 8 steps):

ex 2@ (d+ex?)*P (a+bArcTan[cx])

2d? (1+p) (2+p)

X2\ P
] AppellF1|

(-3-2p),

N |

b(e+c*d (1+p))x>2P (d+ex?)P (1+

2
e_X] .

/ (2¢d (1+p) (2+p) (3+2p))

X2 (2+p) (d +e xz) 1+p (a +bArcTan[c x] )

1) *1*p: l (71’2p>) *CZXZJ -
2

+

2d (2+p)

-P

e x? .
Hypergeometric2Fi|

N =

(-1-2p), -

N |

<_3_2p>) —1—|9;

bex32P <d+exz)p [1+
(ch (6+13p+9p2+2p3>>
Result (type 6, 1108 leaves):

1 beS—Zp (CX>5+2p
C

exX

2

—

/
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| W

N

(([czd (1+2p) (cx) 2P (d+ex?)? AppellFl[- = -p, -p, 1, -

3 1
c*d (1+2p) AppellFl[-=-p, -p, 1, -~ -p,
2 2

[2 (1+p) (24p) (3+2p) (1+2x2)

1 ex
-p,1-p, 1, ;*p: ) *C2X2]+

.

2
ex
-, —czxz] +2c2x?

d

-epAppellFl|-

1
2
, 1 1 e x? .
c dAppellFl[—;—p, -p, 2, ;—p, S -2 x?|

3 3 1 e x?
(czdp(1+2p) (cx) 32P (d+ex?)?AppellF1[-=-p, -p, 1, -~ -p, S -2 x?] /
2 2
{2(1+p) (2+p) (3+2p) (1+c*x%P)
2
{czd(1+2p) AppellFl[—i—p,—p, 1,—l—p,—i,—c2x2}+
2 2 d
2
2c?x? —epAppellFl[—E—p,l—p, 1, E—p,—i,—czxz]Jr
2 2 d
2
cszppellFl[—l—p, -p, 2, l—p, —i, -2 x?| ]] -
2 2 d
-1-2 2\p 1 1 eXz 2,2
ep (-1+2p) (cx) 2P (d+ex?) AppellFl[fgfp, -p, 1, ;7p, T -2 x?| /
2(1+p) <2+p) <1+2p) (1+c2x2)
2
{czd (-1+2p) AppellFl[—l—p, -p, 1, l—p, _e_x, -2+
2 2 d
2
2c?x? —epAppellFl[l—p,l—p, 1, i—p,—i,—c2x2]+
2 2
2
cszppellFl[l—p,—p, Z,E—p,—i,—czxz} ]+
2 2 d
1 3 e x?
e? (-3+2p) (cx)*?P (d+ex2>pAppellF1[f—p, -p, 1, = -p, —T, -2 x?] /
2 2
2c*d (1+p) (2+p) (-1+2p) (1+c?*x?)
2
{czd (-3+2p) AppellFl[l—p, -p, 1, i—p, _e_x) ~c2x?
2 2 d
2
2 c?x? —epAppellFl[i—p,l—p, 1, E—p,—i,—c2x2]+
2 2 d
2
cszppellFl[i—p,—p, Z,E—p,—e—x,—czxz} ]—
2 2 d

((cx)2@P (d+ex?)? (c®d (1+p) -c?ex?) (2d+c?ex?) ArcTan[cx]) /
(2¢*d (1+p) <2+p))]—

1
2 (2+p)

eXZJP

ax4-2p (d+ex2)p {1+ y
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Hypergeometric2Fi|

_2_

p, -p, -1-
e x?

p, _—]
d

Problem 1245: Result more than twice size of optimal antiderivative.

JXJ—ZP (d+ex?)? (a+bArcTan[cx]) dx

Optimal (type 6, 466 leaves, 10 steps):

-p
([b (2e?+2c*de (1+p) +c*d? (2+3p+p?)) x 2P (d+ex?)P [1+e; ] AppellF1|

N |

(-5-2p),

1, —1—p,%(—3—2p), —c?x?, -edxz] /(2c3d2 (1+p) (2+p) (3+p) (5+2p)) |-

e2 x-2 (1+p) (d+exz)1+p (a+bArcTan[cx]) ex2 (P (d+ex2)1*p (a+bArcTanfcx])
. _
d® (1+p) (2+p) (3+p) d? (2+p) (3+p)
x-2 (3+p) (d+ex2)1*p (a+bAr‘cTan[c x])

2d (3+p)

+

eXZ -p

d

be (e+c?d (1+p)) x>2P (d+ex?)? [1+

. 1 1 e x?
Hyper‘geometr1c2F1[g (-5-2p), -1-p, N (-3-2p), -——|

/

P
(c*d* (1+p) (2+p) (3+p) (5+2p)) - y ) Hypergeometric2F1|

be?x3-2P (d+ex2)p (1+

e x?

—

N |

1
(-3-2p), -1-p, ;(—1—2p), -

/ (cd (1+p) (2+p) (3+p) (3+2p))

Result (type 6, 1880 leaves):

lbxf7—2p (CX>7+2p

C
3 e x?

-p, -P, 1;—_—P,— ,—CZXZ]
2 d

—([czd (3+2p) (cx)*2P (d+ex?)? AppellFi[-

/

3
-pP> —-P» 1, -~ =P,
2

Nw

{(1+p) (2+p) (3+p) (5+2p) (1+c*x?) (czd (3+2p) AppellF1|-

N |

eX2 2,2 2,2
- ——, -c*x?*| +2c?x? | -epAppellFl|-

1
_p.vl_p:l:___p)_—:_czxz}"'
d 2

D N W
a

3 1
c2dAppellF1[-=-p, -p, 2, - = -p, - —, -c*x?]
2 2 d

(3 c®dp (3+2p) (cx)>?P (d+ex?)?AppellF1|-

N w

[2 (1+p) (2+p) (3+p) (5+2p) (14 %)
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2
{czd (3+2p) AppellFl[—E—p, -p, 1, —i—p, —e—x, - x4
2 2 d
2
2c?x? —epAppellFl[—i—p, 1-p,1, —l—p, —%, -c2x?] +
2
2
cszppellFl[—i—p, -p, 2, —l—p, —i, -c? x?] ] -
2 2 d
5 3 e x?
(czdp2 (3+2p) (cx)>2P (d+ex?)? AppellFl[-=-p, -p, 1, - = -p, S -2 x?| /
2 2
[z (1+p) (24p) (3+p) (5+2p) (1+c2x?)
2
{czd (3+2p) AppellFl[—E—p, -p, 1, —i—p, _e_x, -2x?] +
2 2 d
2
2c?x? —epAppellFl[—i—p, 1-p, 1, —l—p, —%, ~c2x?] 4
2
2
cszppellFl[—i—p, -p, 2, —l—p, _e_x, -c? x?] J -
2 2 d
2
ep (1+2p) (cx) >?2P (d+ex2)pAppe11F1[—i—p, -p, 1, —l—p, —%, -2 x?] /
2 2
2(1+p) (2+p) (3+p) (3+2p) (1+c?*x?)
2
{czd (1+2p) AppellFl[—i—p, -p, 1, —l—p, _e_x, -2x?] +
2 2 d
2
2c?x? —epAppellFl[—E—p, 1-p,1, E—p, —i, -2 x?] +
2
2
cszppellFl[—l—p, -p, 2, l—p, _e_x) -2 x?] JJ -
2 2 d
3 1 e x?
(ep2 (1+2p) (cx) 2P (d+ex?)P AppellF1[- = -p, -p, 1, -~ -p, S -2 x?] /
2 2
2(1+p) (2+p) (3+p) (3+2p) (1+c?*x?)
2
{czd (1+2p) AppellFl[fifp, -p, 1, 717p, 7e_x, -2x?] +
2 2 d
2
2¢2x? —epAppellFl[—E—p, 1-p,1, E—p, _&X —c2x?] +
2
2
cszppellFl[—l—p, -p, 2, l—p, _e_x, -2 x?] JJ +
2 2 d
2
(ezp (-1+2p) (cx) 2P <d+ex2)pAppellF1[—l—p, -p, 1, 1—p, —%, -2 x?] /
2 2

c*d (1+p) (2+p) (3+p) (1+2p) (1+c*x)

s 1 1 e x?
[c d(-1+2p) AppellFl[fE—p, -ps 1, —-p, -
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1 3 ex
2c2x? |-epAppellFl[ = -p,1-p, 1, —-p, -——, -c2x?| +
2 2 d
1 e x?
c®dAppellFl[ =~ -p, -p, 2, —-p, - —, —czxz}) )—
2 2 d
e x?
—czxz]/

(e3 (-3+2p) (cx)*2P (d+ex2)pAppe11F1[£—p, -p, 1, i—p, R
2 2

c*d® (1+p) (2+p) (3+p) (-1+2p) (1+c2XP)

1
{czd (—3+2p) AppellFl[——p, -p, 1, —-p, -—
2 2 d
e

2,2 3 5 X
2c¢?x? |-epAppellF1[=-p,1-p, 1, —-p, - ——, ~c*x
2 2 d
3 5 e x?
CZdAppellFl[;—p,—p, 2:;—p,—7,—c2x2} )_

((ex)2CP (drex?)? (Pd+c?ex?) (c*d® (2+3p+p?) -2c*de (1+p) x*+2c*e®x?)

ArcTan[cx]) / (2c®d® (1+p) (2+p) (3+p))) -

2\-p
;ax’s’z” <d+eX2)p [1+ ex )
2 (3+p) d
Hypergeometric2F1 [
~3 -
p: 7p: -2 -
e x?
P, _7]
d

Problem 1261: Result more than twice size of optimal antiderivative.

a+bArcTan[cx])?

x3(
J d+ex?

Optimal (type 4, 590 leaves, 11 steps):

dx
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abx b?xArcTan[c X] (aerAr‘cTan[cx])2 x2 (aerAr‘cTan[cx])2
- - + + +
ce ce 2c%e 2e
, 2¢ [V-d e x)
d (a+bArcTan[c }) Log{llcx} d (a+bAr‘cTan[cx}) Log[( Vd-ive ) (1-icx) }
e2 B 2e2 -

2C(\/j+\/7)
( m-*-lr) (1-1 cx)

d (a+bArcTan[cx] )2 Log|

2e?

b2 Log[1+c2x2} ibd (a+bAr‘cTan[ ]) PolyLog[z 1- - MX]

2c%e e?

2¢ (V=d /e
(\/jnr) (1-1 cx)

ibd (a+bArcTan[cx]) Polylog|2, 1-

2 e?

ibd (a+bArcTan[cx]) Polylog|2, 1- 2¢ [Vd Ve 5] ]

[ev=d+ive ] (-icx) b%d PolyLog|3, 1_1“)(]
+ —_
2e2 2e2
b>dPolylog|3, 1- 2 (7 Ve | bdPolylog|3, 1 2¢ (V-d e x] ]
(\qlr)lncx (ﬂﬂmﬁ)llcx
4e? 4e?

Result (type 4, 1567 leaves):

1
—— |2a%ex?-2a*dlog[d+ex?] +
4 e?

1
— +x?

ex
4ab|-—-1idArcTan[c x]?+ArcTan[c X] (e ;
c

C

+2d Log[l 4 eZiAr‘cTan[cx]}

ZnAPcTan[cx]] i 1
2c?d-2e

idPolylog|2, 2d (-c*d+e) |-iArcTan[cx]?

c2d cex c2d

2 1 ArcSin [ } Ar‘cTan[ ] + | -ArcSin [

c?2d-e JZde 2d-e

] +ArcTan[c X]

(C2d+e+2“/czde)eZiAPCTan[CX] Czd

Log[1+ | + |Arcsin| | +ArcTan[cx] | Log|
c2d-e c2d-e
CZ:‘_e (72 ’czde eZiArcTan[cx] re (71+e21'1Ar'cTan[cx]> +C2d <1+621ArcTan[cx]))] _
1 ( 2d+e 2“’c2de) 2 i ArcTan[c Xx]
~ i |Polylog|2, |+
c’d-e
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( 2d+e+2“/ Zde) ZnArcTan [cx]

c2d-e

} +

PolyLog|2

1
- b2 |-4cexArcTan[cx] +2eArcTan[c x]%+2c2ex?ArcTan[cx]?+
c

4c?dArcTan[c x]? Log[1 + e ArcTanlex] | _

( \ﬁ \/7) @2 1 ArcTan[cx]

] -

2c?dArcTan[cx]? Log |1 +

cd +/e
2 i ArcTan[c x
[cVd <Ve]e |
2c?dArcTan[cx]? Log[1 + |+
c/d -+e
( 2d+e 24/ Zde) ZnArcTan [cx]
2c?dArcTan[cx]? Log|1 + |+
c?d-e
C2d ( 2d+e+2“’c2de) 2 i ArcTan[c Xx]
4c*dArcSin| | ——— | ArcTan[cx] Log|[1+ ] -
c2d-e c’d-e
(2d+e+2“/ Zde) ZnArcTan [cXx]
2c2dArcTan[cx]? Log|1 + | -
c2d-e
c2d .
4c*dArcSin| | ——— | ArcTan[cx] Log| ————|-2+/c?de e?iArcTaniex)
c2d-e c’d-e

e <71+e21Ar‘cTan[cx]> +C2d <1+eziArcTan[cx]))] —4c2dAr‘cTan[cx]2

Log[— -2 ’czde eZJiAr‘cTan[cx] +e (_1+(62iAr'cTan[cx]) +C2d (1+(EZJ'1Ar‘cTan[cx]>J] 4
c?d-e
2d 2ic2d-21i+c?de +2c(—e+\/c2de)x
4c*dArcSin| | ——— | ArcTan[cx] Log| |+
c2d-e (c2d-e) (i+cx)
2ic?2d-21+/c?de +2c(—e+\/c2de)x
2c2dArcTan[cx]? Log| |+

(c2d-e) (i+cx)

c2d
2elog[1+c?x?| -4c?dArcSin] | ArcTan[c x]
c’d-e
Log[1+ ; c?d+e+2+/c*de | (Cos[2ArcTan[cx]] +1iSin[2ArcTan[cx]])] +2
ccd-e

c?dArcTan[c x]?

c’d+e+2+/c?de

2 i ArcTan[c x] ] ¥

1
Log[1 + — (Cos[2ArcTan[cx]] +iSin[2ArcTan[cx]])] -
ccd-e

4 i c*dArcTan[cx] PolyLog|2,
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( C\/— \/_) 21 ArcTan[c x]

21i c®dArcTan[c x] Polylog|2,

|+

cVd ++/e
( r \/_) @2 iArcTan(cx]
2i c2dArcTan[cx] Polylog|2, - |+
cVd -e
( C\/— \/_) @2 1 ArcTan[cx]
2c?dPolylog|3, -e?iArcTanlex]] _ 24 polylog|3, |-

C\/?+\E
( \/— \/_) @2 L ArcTan[cx]
c/d -+e

c?dPolylog|3, -

]

Problem 1262: Unable to integrate problem.

sz (a+bArcTan[cx] )2
dx

d+ex?

Optimal (type 4, 554 leaves, 10 steps):

i (a+bArcTan[c x])2 X (a+bArcTan[c x})2
+ +
ce e

_— , 2¢ (\Vd e x|
2b (a+bArcTan[cx]) Log]| -d (a+bArcTan(cx]) Log{( cVd-ive) (1-icx) ]

1+ncx]

ce 2 e3/2

2¢ [V=d +Ve x| ]

V/-d (a+bArcTan[cx])? Log|

(\/jﬂlr) (1-1 cx) lePolyLog[Z 1_1+1cx]
2 e3/2 : ce _

. ZC(ﬂf\/i )
lb\/j(aerAr‘cTan[CX])POlyLOg[2’17 ( \/Tn\/_) (1-icx) }

2e3/2 '
. 2c NHE
lb\/j(aerAr‘CTan[CX])POlyLOg[2’17 ( W(ﬂr) 1jcx }

2e3/2 '

2¢ (Vd e x| — 2¢ [Vd e x|
2+4/-d PolyL 1- 2+/-d PolyL
° ‘ oyog[3, (Cﬁ lr) (1-icx) ] b d 0y0g[31 (ﬁﬂlr) (1-icx) ]
4e3/2 N 4e3/2

Result (type 8, 25leaves):

sz (a+bArcTan[cx])?
dx

d+ex?
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Problem 1263: Result more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx] )2 ;
X

d+ex?

Optimal (type 4, 492 leaves, 4 steps):

ZC(H—WX) }
(a+bArcTan[c 1) LOg[mch [ev=a-ive ) 1icx)

- + +
e 2e

ZC(N\/_) }
(Hﬂlr) (1-i cx)

2] (a+bArcTan[cx])? Log|

2
(a+bArcTan[cx])* Log| ib (a+bArcTan[cx]) PolylLog[2, 1-

1-1cx

+
2e e

2C<\/j*r)
([ev=d-ive) ( lncx]

ib (a+bArcTan[cx]) PolylLog|2, 1-

2e

2c<\/—7+ﬁx) ]
(C\/j+i\/?) (1-1icx)
2e 2e
Zc(ﬂ—r) } Zc(ﬂJr\E)
(\/Tﬂ\/_)lncx (\/Tﬂlx/_)lncx
4e 4e

ib (a+bArcTan[cx]) PolylLog[2, 1-

b2 Polylog[3, 1 -

1- ncx}

b2 PolyLog [3, 1- b2 PolyLog [3, 1-

Result (type 4, 1527 leaves):

CZ

1 cex .
— |81 abAr‘cSin[ ] Ar‘cTan[i} -8abArcTan[c x] Log[1+e21Ar‘cTan[cx]] B
4e cd-e Zde

( \/— \/—> @2 i ArcTan[cx]

4b%ArcTan[cx]? Log[1 +e2*ArcTan(ex) | 4 2 p2 ArcTan[c x]? Log[1 +

cvd +Ve
(C\/F-%—\/?) @2 1iArcTan[cx]
2b?ArcTan[cx]? Log[1 + | -
cVd -+e
(c2d+e 24/ Zde) 2 i ArcTan[c x]
2b? ArcTan[cx]? Log |1+ |-
c’d-e
C2d (2d+e+2“/2de> ZJLAr‘cTancx]
4abArcSin| | Log[1+ |+
c?d-e c2d-e
( 2d+e+2“’c2de) 2 i ArcTan[c X]
4abArcTan[cx] Log[1 + ] -
c?d-e
C2d (2d+e+2“/2de) ZJLAr‘cTancx]

4b? ArcSin| | ArcTan[cx] Log |1 +

] +

c2d-e c?d-e

]+
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(2d+e+2m) 21 ArcTan[c x]

c2d-e

2b? ArcTan[cx]? Log |1+

|+

2d
o og|

4abAr‘cSin[
c?d-e c?d-e

(_2 ’czde <e21‘LAr‘~:Tan[cx] re (_1+eziAr‘cTan[cx]> +C2d <1+eziArcTan[cx])]] +4abAr‘cTan[cx]

Log[ -2 /czde erAr‘cTan[cx] +e (_1+(6211Ar‘cTan[cx]) +C2d (1+(8211Ar‘cTan[cx]>J] i
c’d-e
CZ
4b? ArcSin | | ArcTan[cx] Log|
c?d-e c2d-e

(72 ’czde eZiArcTan[cx] re (71+e21ArcTan[cx]> +C2d <1+e21ArcTan[cx])]] +4b2Ar‘cTan[cx]2

_2 /czde erAr*cTan[cx] +e (71+(EZJ'1ArcTan[cx]) +C2d (1+e2j1Ar‘cTan[cx]>)] _
2d 2ic’d-2i+c*de +2c(—e+\/c2de)x]

| ArcTan[c x] Log]|

Log|

c2d-e

4 b%ArcSin|

c2d-e (czd—e) (Ji+cx)
2ic2d-21+vc?de +2c (—e+\/c2de ) X
2b? ArcTan[c x]? Log| |+

(c2d-e) (i+cx)

c?d 1
ArcTan[c x] Log|1 +
] [
c2d-e c?d-e

2a’Log[d+ex?| +4b%ArcSin|

(c2d+e+2x/c2de) (Cos[2ArcTan[cx]] +iSin[2Ar‘cTan[cx]])] -2b%ArcTan[cx]?

Cd.e.adde
c2d-e
4ib (a+bArcTan[cx]) Polylog|2, -e?*ArcTanlex]] _
[cvd Ve )e
cVd ++e
(cVd +i/e)e
cd -+Je
(2d+e 2*’c2de) 21iArcTan[cx]
i c?d-e
(2d+e+2m) @21 ArcTan[cx]
. c2d-e
( cd + \/7) @2 i ArcTan[cx] (C\H+\E) @2 i ArcTan[c x]
| +b?PolylLog[3, -
cVd ++/e cvd e

Log[1+ (Cos[2ArcTan[cx]] +iSin[2ArcTan[cx]])] +

2 i ArcTan[c x]

2i b?ArcTan[c x] PolyLog|2,

} ,

2 i ArcTan[c X]

2 b?ArcTan[c x] PolyLog|2,

} _

2iabPolyLog|2,

} _

2iabPolylog|2, ] -2b2PolyLog[3, —e?tArcTaniex] ]

b? PolylLog|3,

]
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Problem 1264: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

d+ex?
Optimal (type 4, 460 leaves, 4 steps):

2C(HF) ] 2c(ﬂ+rx) }
(ﬁnr)llcx (\/jﬂl\/i) -icx)

(a+bArcTan[cx])? Log| (a+bArcTan[cx])? Log|

2+/-d Ve 2+/-d Ve

ZC(N\/_)
(\/jnr) (1-1 ¢ x)

ib (a+bArcTan[cx]) PolylLog|2, 1-

+
2+/-d Ve

2¢ (Vod +e x|
(Cﬁ+lr) (1-1 cx)

ib (a+bArcTan[cx]) PolyLog|2, 1-

+

2+/-d e

ZC(WW) } 2C(ﬂ+\/?) }
NEEEYGEE T (e eive) e

4-/-d e 4a-/-d e
Result (type 8, 22leaves):

b? Polylog|3, 1 b? Polylog|3, 1

(a+bArcTan[cx] )2
J dx

d+ex?

Problem 1265: Result more than twice size of optimal antiderivative.

(a+bArcTan[cx] )2
J dx

X (d+ex2)

Optimal (type 4, 637 leaves, 12 steps):
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2 2
2 (a+bArcTan[cx]) ArcTanh |1 - 1+jcx}
d
, 2¢ (V= e ¥
(a+bArcTan[cx])? Log[lfcx] (a+bArcTancx]) Log[( <V d-ive) @icx ]
d 2d
2 ZC(HJrr )
(a+bArcTan[cx]) Log[( VT eive) (1-icx) } ib (a+bArcTan[cx]) Polylog|2, 1- - “X]
2d ) d )
ib (a+bArcTan[cx]) PolyLog[2, 1- 1+ncx} ib (a+bArcTan[cx]) PolyLog[2, -1+ 1+J'12cx}
d ' d
ib (a+bArcTan[cx]) PolyLog|2, 1- . j;d(ij_ﬁ jcx
.
2d
. 2¢ (VA e A
ib (a+bArcTan[cx]) PolylLog[2, 1- ] diem ]
2d :
b2 PolyLOg[3’ 1 B 1—J'LCX] b2 POlyLOg[g 17 1+]1€x} bZ POlyLOg[g, 71 * 1+]'12<:X}
2d 2d 2d
b2 PolyLog[3, P [Vd Ve x) } b2 PolyLog[E, P [Vod /e 5) }
(cﬁ Jlr) (1-1cx) (Cﬁ*r]lr) (1-1cx)
4d ) 4d

Result (type 4, 1410leaves):

1
—— |24a%Log[x] -12a% Log[d + e X?| -
24d

c2d cex
| ArcTan[ ———] -

cd-e JcZde

2ArcTan[c x] Log[1 - e?*ArcTanicxl ] | _ApcSin | ; | +ArcTan[cx]
ccd-e

(c2d+e+2*/ Zde) 2 i ArcTan[c x] Czd

24ab |-1iArcTan[cx]?+2 i ArcSin|

Log|1 ArcSin ArcTan[c x
g{ ' c?d-e ]+ [ czd—e}Jr rexd
Log{ -2 ’czde eZJiAr‘cTan[cx] re <_1+(821'1Ar'cTan[cx]> +C2d <1+GZJ‘LAr‘cTan[cx]))] N
c?d-e

i (ArcTan[c x]?+ Polylog [2, e2iArcTanicx)] ) -
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b2

(2d+e 2“’c2de) 2 i ArcTan[c X]

c’d-e

|+

1
~ i |Polylog|2, -
2

( 2d+e+2“/ Zde) ZnArcTan [cx]

c?d-e

} +

Polylog [2,

-i7+16 i ArcTan[c x]3 + 24 ArcTan[c x]? Log[1 - e 2*ArTan(ex] | _ 12 ApcTan[c x]2

( \/— \/—> 2 i ArcTan[c X] ( \/— \/—> 2 i ArcTan[c X]
| ~12ArcTan[cx]? Log |1+
ANFN cVd e
(2d+e Zm) e2iArcTan[cx]
|+
c2d-e

c2d (c2d+e+2“/ Zde) 2 i ArcTan[c x]

| ArcTan[c x] Log |1+

Log[1 +

12 ArcTan[c x]? Log |1 +

24 ArcSin|

} .

c’d-e c2d-e
( 2d+e+2m) @2 i ArcTan[cx]
12 ArcTan[c x]? Log|1 + ] -
c2d-e
c? .
24 ArcSin| | ArcTan[c x] Log| _2./c2de e2iArcTanicx]
c’d-e c2d-e

e (71+e2jArcTan[cx]> +C2d (1+e2j1Ar‘cTan[cx]>)} —24Ar‘cTan[cx12

Log[ -2 ’czde eZiAr‘cTan[cx] re <_1+621'1Ar‘cTan[cx]> +C2d <1+621ArcTan[cx]))} 4
c2d-e
2d 2ic?d-2i+Vc?de +2c(—e+\/c2de)x
24 ArcSin| | ArcTan[cx] Log| |+
c?2d-e (c2d-e) (i+cx)

2ic2d-21i+Vc2de +2c(e+\/c2de)x]

12 ArcTan[c x]? Log| EFERET )
c2d-e) (i+cx

c?d 1
| ArcTan[c x] Log[1+
c2d-e c’d-e

[c2d+e+2xlc2de
. c2d+e+2+/c*de
ccd-e

24 i ArcTan[c x] Polylog[2, e 2*ArcTaniex]]

( C\F \/7) @2 1 ArcTan[c x]
cd +vVe

24 ArcSin|

(Cos[2ArcTan[cx]] +i Sin[2 ArcTan[c x]] H +12 ArcTan[c x] 2

Log[l + (Cos[ZAr‘cTan[c x]] +1Sin[2ArcTan[c Xx] ] ) ] +

12 i ArcTan[c x] PolylLog|2,

|+

|+
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( \ﬁ \F) @2 L ArcTan[cx]
cvVd -+e
( c\/i \ﬁ) @2 1 ArcTan[cx] (C\/?+\E) @2 1 ArcTan[cx]
| -6PolyLog|3, -
Nd e vd e

12 i ArcTan[c x] Polylog|2, - ] + 12 PolyLog[3, e 2 ArcTanicx) ] _

]

6 Polylog|3,

Problem 1266: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

x2 <d+ex2)

Optimal (type 4, 553 leaves, 9 steps):
J'Lc<a+bAr‘cTan[cx])2 (a+bAr‘cTan[cx])2
) d ) d x

2¢ [V-d Ve x) ]
([cV=d-ive) (-icx)

+

Ve (a+bArcTan[cx])?Log|

2<—d>3/2
2 2C(ﬁ+\/?X)

Ve (a+bArcTan[cx])?Log| (cVdrive) a-icx 2bc (a+bArcTan[cx]) Log[2 - 1712”]

2<—d>3/2 ! d -

. ZC(W rx)
i b2 c PolyLog[2, _1+$] ib+/e (a+bArcTan[cx]) Polylog[2, 1- v ive] aien ]
d N 2(7d)3/2 "
. ZC(\/jJr\/i )
ib+e (a+bArcTan[cx]) Polylog[2, 1- e miem ]
2(_d>3/2 i
2 B Zc(ﬂ rx) 5 - 2c(ﬂ+r )
b2+/e Polylog|3, 1 o ave] aien | b?>+e PolyLog|3, 1 ave] aien ]
4 (-d)¥? 4(-d)>?

Result (type 8, 25leaves):

(a+bArcTan[cx])?
j dx

x2 <d+ex2)

Problem 1267: Result more than twice size of optimal antiderivative.

dx

(a+bArcTan[cx] )2
J X3 (d+ex?)

Optimal (type 4, 745leaves, 21 steps):



110 | Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb

bc(a+bArcTan[cx]) 2 (aerAr‘cTan[cx])2

dx 2d
(a+bArcTan[cx] )2 2e (a+bArcTan[cx])?ArcTanh[1 - 1+]'12CX] b2 2 Log [x]
_ N _
2dx? d? d

2¢ (H—\/?x)
(cﬂ—iﬁ) (1-1 ¢ x)

2
e (a+bArcTan[cx])? Log[ —2—] e (a+bArcTan[cx])” Log|

1-icx

+

d? 2 d?
Zc(\/jﬂ/?x) ]
(cﬂﬂiﬁ) (1-1 cx)

e (a+bAr‘cTan[cx})2Log[ b2 c2 Log[l+c2x2}

+

2 d? 2d
ibe (a+bArcTan[cx]) PolyLog[2, 1- 1—'2cx] ibe (a+bArcTan[cx]) PolylLog[2, 1- 127]
d? ' d?
ibe (a+bArcTan[cx]) PolyLog[2, -1+ : ;cx]
o2 )
ibe (a+bArcTan[cx]) Polylog|2, 1- | ﬁ(\/idr)ﬁﬂ ]
cy-d-i+e | (1-icx)
2d? )
ibe (a+bArcTan[cx]) Polylog|2, 1- | ﬁ(@)ﬁx) ]
cy-d+ie | (1-icx)
2d? )
bZePOIyLOg{3, 1- 1—]'12Cx] bzePOIyLOg[E’ 1- 1+112Cx] bzePOIyLOg[BJ —1+ 1+]'LZCX]
2d? i 2d? ) 2d?
b% e PolyLog[3, 1- 2¢ (Vo3 Ve x) | b2ePolylog|3, 1- 2¢ [Vod e x] ]
(cﬂ—jﬁ) (1-i ¢ x) (cﬂﬂiﬁ) (1-1 ¢ x)
+
4 d? 4 d?

Result (type 4, 1555 leaves):

1 |12a2d 24abcd 24abd (1+c?x?)ArcTan[cx]
- + + +24a%elog(x] -12a’eLogd+ex?] -
24 d? X2 X x2

24iabe (ArcTan[cx] (ArcTan[cx] +21i Log[1-e?tArcTaniexi]) . polylog|2, e?tArcTaniex] ] ) —

) ) 5 , . c%d cex
——————48ab (c®d-e) e |-iArcTan[cx]?+2 i ArcSin| | ArcTan| ——— 1] +
2c?d-2e c’d-e Jc2de
. Czd (c2d+e+2*/c2de)ez“’ﬂa”[“‘]
-ArcSin| | +ArcTan[cx] | Log[1 + |+
c’d-e c2d-e
. c2d
ArcSin| | +ArcTan[cx]
c2d-e
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_2 ;Czde (EZJiAr‘cTan[cx] +e (_1+62jAr‘cTan[cx]> +C2d <1+‘821ArcTan[cx]))} _

Log
{czd—e
1 (c2d+e ZW) @2 iArcTan[cx]
~1i |PolyLog|2, - ]+
2 c’d-e
(2d+E+2“/2de) @2 1 ArcTan[cx]
PolyLog[Z, - } *
c?d-e
,( . 5 24cdArcTan[cx] 12d (1+c*x?)ArcTan[cx]? . ;
b |-1en’+ + +8 1 eArcTan[c X]
X x?2
2 -2 i ArcTan[c x] 2 cX
24eArcTan[cx]?Log[l-e | -24c*dLog] +
V1+c2x?
e—z i ArcTan[c x] ] 4

24 i e ArcTan[c x] Polylog[2, e 2iArcTanlexl ], 12 e PolyLog|3

( \/— \/—> @21 ArcTan[cx ]]

2b%e [41iArcTan[cx]?-6ArcTan[cx]?Log[1+
cvVd ++Ve

( \/7 \/7) @2 L ArcTan[cx]

6 ArcTan[c x]? Log[1 + |+
cVd -+Je
( 2d+e 2m) 21 ArcTan[c x]
6 ArcTan[cx]? Log[1+ |+
c2d-e
c2d (2d+e+2“/2de) ZJLAr‘cTancx]
12 ArcSin| | ArcTan[cx] Log|1 + ] -
c?d-e c2d-e
( 2d+e+2m) 21 ArcTan[c x]
6 ArcTan[cx]? Log[1+ ] -
c?2d-e
Zd .
12 ArcSin| 2 | ArcTan[c x] Log| ~2+/c*de eXiArcTaniex]
c?d-e c2d-e

< 1+eZJiAr‘cTan[cx]) +C2d <1+621ArcTan[cx])]] —12Ar‘cTan[c ]

_2 /czde erAr‘cTan[cx] re (_1+e2iLAPCTan[CX]) +C2d <1+62jAr‘cTan[cx]>J] N

Log[;

c?d-e
c2d 2ic?2d-21i+c?de +2c(—e+\/c2de)x
12 ArcSin|[ | ——— ] ArcTan[c x] Log| |+
c?d-e (c2d-e) (i+cx)
2ic?d-21i+/c?de +2c(—e+\/c2de)x
6 ArcTan[c x]? Log| ] -
(c2d-e) (i+cx)
i c*d 1
12 Ar‘c51n[ } ArcTan[c x] Log[lJr S EE—
c’d-e

c2d-e
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(c2d+e+2x/c2de
c’d+e+2+/c?de

( C\F W) @2 1 ArcTan[cx]

(Cos[2ArcTan[cx]] +iSin[2ArcTan[cx]]) | +6ArcTan[c x]?

Log[1 + (Cos[2ArcTan[cx]] +iSin[2ArcTan[cx]])] +

c’d-e

6 i ArcTan[c x] Polylog|2,

]+

cVd ++/e
( \ﬁ r) @2 iArcTan[cx]
6 i ArcTan[c x] Polylog|2, - ] -
cVd -+e
( C\F \/7) 21i ArcTan[cx] ( \/7 \/7) 21i ArcTan[cx]

3 Polylog|3, | -3 Polylog|3, -

cvd +Ve cd -\e |

Problem 1268: Unable to integrate problem.

sz’ (a+bArcTan[cx])?
dx

(d+ex2)2

Optimal (type 4, 943 leaves, 33 steps):
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c2d (aerAr‘cTan[cx])2 (aerAr'cTan[cx})2 <a+bAr‘cTan[cx])2

+ -
2(c2d—e)e2 4e2(1_3[ex 4e2(1+3[ex
= =

bc+/-d (a+bArcTan[cx]) Log| 2¢ (VA Ve ]

(a+bArcTan[cx])? Log[llcx] (cVd-ive) aicx
- +
e? 2 (c2d-e)e¥?
(a+bAr‘cTan[cx})2Log[ 2¢ [Vod Ve x|
(ﬁlr) (1-1 cx)
N
2e?
2C<\/j+\/7 )
bc+-d (a+bArcTan[cx]) Log[( e diem ]
N
2 (c2d-e)e¥?
, 2¢ [Vd e ¥
(a+bArcTan[cx]) Log[(cﬁﬂr) 1MX} ib(a+bArcTan[cx]) Polylog[2, 1- - CX]
+
2¢e2 e?
e R
ib2c~/-d PolyLog[2, 1 e diem
4 (c?d-e)e¥? )
ib (a+bArcTan[cx]) PolyLog[2, 1 - ” jid(ij_ﬁ jcx
2e?
Lo ~ 2C(\/j+\ﬁ )
ib2c~/-d PolyLog[2, 1 ( e aiem ]

4 (czdfe) e3/2

2C(\/j+\/?x) ]

ib (a+bArcTan[cx]) Polylog[2, 1- v @ive) mien | b?Polylog[3, 1- 2]
262 2e2
b> PolyLog|3, 1 - 2c (V=0 e ] b2 PolyLog[3, 1 - 2¢ (V=d +Ve x)
(ﬁnr)lncx (\/jﬂl\/i)lncx
+
4 e? 462

Result (type 8, 25leaves):

Jx3 (a+bArcTan[cx])?
dx

(d+ex2>2

Problem 1269: Unable to integrate problem.

sz (a+bArcTan[cx] )2 ;
X

(d+ex2)2
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Optimal (type 4, 1033 leaves, 38 steps):

jc<a+bAr‘cTan[cx1)2 (aerAr‘cTan[cx})2
+ _

2 (c2d-e)e 4 e3/2 (\/_——\/?x)

(a+bArcTan[cx])?2 ) bc (a+bArcTan[cx]) Log[llcx} )
4 03/2 (\/jJr\/FX) (c2d-e)e
2¢ (VA Ve x)
bc <a+bAr‘cTan[ ]) LOg[mch] be (a+bAr‘cTan[cx}) Log[( eV -ive | a-icx) }
- +
(czdfe)e 2(c2d7e)e
(a+bArcTan[c x})ﬂ_og[( gwidr)r ) } bc <a+bAr‘cTan[CX]) Log[( %(VTW)F ) ]
- i icX) -d +1 1-1icXx)
4+/_d e32 ; 2 (c?2d-e)e
, 2¢ [Vd e x)
(a+bAr*cTan[ch) Log{( ﬂﬂl\ﬁ) ncx} nbcholyLog[Z 17E}
4~/_d e32 ) 2 (c?d-e)e )
_ 2¢ (V-d Ve x)
i b2 c Polylog2, 1- —2—] 1b2cp°1yL°g[2’1’(cmlr) Ciex)
2 (c2d-e)e 4 (c?d-e)e

ZC(HW) ]

ib (a+bArcTan[cx]) PolyLog[2, 1 - (Vg -ive] diew

4+/-d e3? +
i b2 cPolylog|2, 1- L xzﬁ;(\;f jcx )
4 (c2d-e)e )
2¢(V-d Ve x)

ib (a+bArcTan[cx]) Polylog|2, 1- ]

(\/jﬂm/i) (1-1 cx)

+

4-/-d e*?

2¢ [V-d Ve x) ] 2¢ [V-d Ve x) ]
(ﬁnr)lncx (ﬁﬂl\ﬁ)llcx

8+/-d e3/2 8+/-d e3/2
Result (type 8, 25leaves):

b? Polylog|3, 1

b? Polylog|3, 1

sz (a+bArcTan[cx] )2 4
X

(d+ex2)2
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Problem 1271: Unable to integrate problem.

(a+bArcTan[cx] )2
J dx

(d+ex2)2

Optimal (type 4, 1039 leaves, 32 steps):

ic (aerAr‘cTan[cx])2 <a+bAr‘cTan[cx])2
- +
2d (cd-e) 4d\/?(\/—d—\/?X)
(a+bArcTan[c x] )2 _bc (a+bArcTan[cx]) Log{lux] )
4d\/?(\/j+\/?x) d(c’d-e)
ZC(H rx)
bc (a+bArcTan[cx]) Log[lﬂcx] be (a+bArcTancx]) Log{( <A -ive ) aicx) )
d(c2d-e) 2d (c*d-e)
(a+bArcTan[cx])? Log| 2¢ (Vod e o | bc(a+bArcTan[cx]) Log| 2¢ [V7d e
(ﬂlr) ~icx) (Cﬁ+1r) (1-icx)
4 (-d)*2+/e : 2d (c*d-e) :
2 2¢ (Vod /e x|
(a+bArcTan(cx]) Log[( e a MX} i b cPolylog[2, 1- 2|
+
4<—d>3/2\/? 2d (c*d-e)
. 2¢ [Vd Ve«
jbcholyLog[Z,l lﬂzj} LbcholyLog[Z, (WIW) “icx) ]
- +
2d (c*d-e) 4d (c*d-e)
ib (a+bArcTan[cx]) PolylLog[2, 1- (cjid(f?_ﬁxjcx)
4 (-d)*?+/e
ib? cPolylog|2, 1 2¢ [Vd e ]
(HJJLW) ~icx)
4d (c*d-e)
. ZC(’\/jJr\/_)
ib (a+bArcTan[cx]) Polylog|2, 1- (e ve] aien
4 (-d)*?e
2¢ (Ve ¥

2¢ (VA Ve x) ]
(\/jl\ﬁ)llcx (\/j-*]l\/i)llcx
+

8(—d)3/2\/? 8(—d)3/2\/?

b? PolyLog|[3, 1 - b? PolyLog|[3, 1 -

Result (type 8, 22 leaves):
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(a+bArcTan[cx] )2
J dx

(d+ex2)2

Problem 1272: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

X (d+ex2>2

Optimal (type 4, 1087 leaves, 39 steps):



Mathematica 11.3 Integration Test Results for 5.3.4 u (a+b arctan(c x))”p.nb | 117

c? <a+bAr‘cTan[cx])2 (aerAr‘cTan[cx])2 <a+bAr‘cTan[cx})2

_ +
2d (c2d-e) 4d2(1—@ 4d2 (14 Lex
ey V-d
2 2
2 (a+bArcTan[cx])?ArcTanh|1 - MCX] X (a+bArcTan[cx])? Log[l lcx] B
d2 d2

ZC(HW)
(cx/j lr) ~icx)

2 (-d)*? (2d-e)

bce (a+bArcTan[cx]) Log|

(d\/?x
(CF]E(ECX

a+bArcTan[c x] 2 Log
( )

+

2 d?

ZC(HW) }
(\/j-ﬁ-]l\/i) -icx)
2 (-d)*? (2d-e)

bcve (a+bArcTan[cx]) Log|

ZC(HW)
(ﬂﬂlr) ~icx)

a+bArcTan[c x] 2 Log
( )

2d?
ib (a+bArcTan[cx]) Polylog|2, 1- E} ib (a+bArcTan[cx]) Polylog|2, 1- m]
d2 B d2
. 2¢ (V2 e x)
ib (a+bArcTan[cx]) PolyLog[2, -1+ ﬁ] ib%c+/e Polylog[2, 1- (v aive | (icn ]

d? 4 (-d)*? (c2d-e)

ZC(”—\/:X) ]

ib (a+bArcTan[cx]) PolylLog[2, 1- v aiem

2 d?

ZC(HW)
(ﬂ+lr) -icx)

4 (-d)*? (c2d-e)

ib2c+/e Polylog[2, 1

2c<\/j+\/7 )
(cﬂﬂlr) (1-icx)

ib (a+bArcTan[cx]) PolyLog|[2, 1-

+

2d?
] b2 Polylog|3, 1 -

b? Polylog|3, 1 -

| b?PolyLog[3, -1+ —>—]
N

1-icx 1+icx 1+icx
2d? 2 d? 2 d?

2¢ (V-d Ve x) } 2¢ (V-d +Ve x)
(ﬁlr)llcx (\/j*—]l\/i)llcx

4 d? 4 d?

b? PolyLog|[3, 1 - b? PolyLog|[3, 1 -

Result (type 8, 25leaves):
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(a+bArcTan[cx] )2
J dx

X (d+ex2>2

Problem 1273: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

x2 (d+ex2)2

Optimal (type 4, 1141 leaves, 42 steps):
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ic <a+bAr‘cTan[cx])2 ice <a+bAr‘cTan[cx})2 (aerAr‘cTan[cx])2
- - - +

d? 2d? (c2d-e) d? x
\/?(aerAr'cTan[cx”2 \E<a+bAr‘cTan[cx])2 bce (a+bArcTan[c 1)'—08[11”]
_ + _
4d2(\/j—\/?x) 4 d2 \/j+\/?x) d’ (c*d-e)

ZC(Nﬂ/?x ]
(cﬂ—iﬁ) (1-1 ¢ x)

d2<c2d—e) 2d2(c2d—e)

bce (a+bArcTan(cx] ) Log| bce (a+bArcTan[cx]) Log|

1+11cx}

2¢ (VA Ve X
[cv=d -ive ) (1-icx)

3+e (a+bAr‘cTan[cx})2Log[

4 (7d)5/2

ZC(NW) ]

bce(a+bAr‘CTan[CX])Log[( Ved+ive )
c/d +i -1 cXx)

2d? (c2d-e)
2 Zc(\/jﬂ/?x)
3/e (a+bAr‘cTan{c X]) Log[ (cﬂﬂi@) o 2bc (a+bAr‘cTan[cx]) Log[Z— 1,]12”]
4 (-d)*? ' d? )

jbzcePolyLog[Z, 1- 1_].12”} ) nbcholyLog[Z —1+1 MX] i

2d? (c2d-e) d?

. 2¢ [Va Ve ¥

ib2cePolylog[2, 1- 2] ib%cePolylog[2, 1- (cv/a-ive) 1-icx)

2d? (c2d-e) 4d* (c*d-e) :

2c(JTJ_)

3ibe (a+bArcTan[cx]) Polylog[2, 1- ] aiem ]

4(—d)5/2

ZC(HW) ]
(WHW) (1-icx)
4 d2 (czd—e)

ib?cePolylog|2, 1

2c(\/j+ﬁx) ]
(cﬁﬂiﬁ) (1-icx)

3ib~/e (a+bArcTan[cx]) Polylog[2, 1-

4 (—d)S/Z

2¢ [V-d Ve ¥ ] 2¢ [V-d Ve x) ]
(ﬂﬂf)lncx (ﬁﬂr) -icx)

8<—d>5/2 8<—d>5/2

3b?+/e PolyLog[3, 1- 3b2+/e Polylog|3, 1

Result (type 8, 25leaves):
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(a+bArcTan[cx] )2
J dx

x2 (d+ex2)2

Problem 1274: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

x3 (d+ex2)2

Optimal (type 4, 1181 leaves, 47 steps):

bc(a+bArcTan[cx]] c2 (a+bArcTan[c x])2
) o ) 2 d? '
c?e (a+bArcTan[cx])? (a+bArcTan[cx])® e (a+bArcTan[cx])?
2d? (c2d-e) ) 2d2 x2 ) 44 (17@ i
Ners

e (a+bArcTan[cx])? 4e (a+bArcTan[cx])?ArcTanh[1 - 1+fcx] b2 c2 Log [x]
- +

443 (1+Lex ¢ d
s

) bce¥? (a+bArcTan[cx]) Log|

ZC(H—\/FX)
2e<a+bAr‘cTan[cx])2Log[m} (C\/j—j\/:) (1—1cx)}

d _ 2 (-d)®? (c2d-e)

+

2¢ (Vod Ve x| ]

e (a+bArcTan|c x})ZLog{ i) wien

+

d3

ZC(”Jr\EX) ]
(C\/jﬂix/?) (1-icx)

2 (-d)*? (c2d-e)

bce¥? (a+bArcTan[cx]) Log|

+

2 Zc(\/jﬂ/?x
e (a+bAr‘cTan[c x}) Log{ (v aive] (l—jcx)] b2 2 Log[1+c2 xz}

- +

d? 2d?
2ibe (a+bArcTan[cx]) Polylog[2, 1- ﬁ]
d3
2ibe (a+bArcTan[cx]) Polylog[2, 1- 1+12CX]
d3
2ibe (a+bArcTan[cx]) PolylLog[2, -1+ 1+]12cx}
d3

i b2 ce*2polyLog|2, 1- 2 [Vd e x) ]
)

(C\/j—il\/?) (1-1 cx
4 (-d)*? (c2d-e)
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ZC(\/jf\ﬁ)
([cv=d-ive)( llcx]

ibe (a+bArcTan[cx]) PolyLog[2, 1-

d3

ZC(W\/_) }
(ﬁﬂlf) (1-icx)
4(—d)5/2 (c2d-e)

ib?ce¥?Polylog|2, 1

ZC(\/j-t-\E) ]
( \/jﬂr) (1-icx)

ibe (a+bArcTan[cx]) PolyLog[2, 1-

d3

b? e PolyLog[3, 1- | b2ePolylog|3, 1-
+

| b?epolylog(3, -1+ —*—]

1+icx

1-icx _
d3 d? d?

2¢ (V7a /e x| 2¢ (/-d e x| ]
(ﬁlr) (1-1cx) (m+l\ﬁ) (1-1 cx)
2d3 2d3

1+icx

b? e PolyLog[3, 1- | b?epolylog|3, 1

Result (type 8, 25leaves):

(a+bArcTan[cx] )2
J dx

3 (d+ex2)2

Problem 1281: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcTan[x] Log|1 + x2
J [x] Log| ] ix
X

2
Optimal (type 4, 41leaves, 8 steps):
ArcTan[x] Log[1+x2} 1

- = Log[1 +x2]2 ! PolyLog[2, -x?]
X 4 2

ArcTan[x]? -

Result (type 4, 190 leaves):

= |4ArcTan[x]?-4 Log[1-1x] Log[x] -4Log[1+1ix] Log[x] +
4

1

Log[-i+x]%+2Log[-i+x] Log[-—1i (i+x)]+2Log[~ (1+ix)] Logl[i+x]+
2

N |

4 ArcTan[x] Log[1 +x?|

Log[i +x]?- +4Log[x] Log[1+x?] -

X

2Llog[-1+x] Log[1+x?] -2Log[i+x] Log[1+x?] +2PolyLog|2,

N |

1X
+2}—

1
4Polylog[2, -ix] -4Polylog[2, i x] +2Polylog[2, - — i (i+X) ]|
2
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Problem 1283: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JAr‘cTan [x] Log[1+x2] 5
X

x4

Optimal (type 4, 81leaves, 18 steps):
2ArcTan[x] ArcTan[x]?
_ T _
Log[1+x2] ArcTan [x] Log[1+x2] 1

il 22 1 2
- o +12 Log[1 +x?] +6P01yLog[2, x2|

+Log[x] - = Log[1+x?] -
2

Result (type 4, 238 leaves):
1 8 ArcTan[x]

-4 ArcTan[x]%+4 Log[x] +4 Log[1-1x] Log[x] +4Log[1+1x] Log[x] -
12 X

Log (-1 +x]?-2Log[~1 +x] Log[- ~ 1 (1 +x]] -2Log[~ (1+1x)] Logli+x] -
2 2
|- 210g[1+5] - 2 Log |1+ x?] ~ 4ArcTan(x] Log[1+x?] )

V1+x? x? x>

4Log[x] Log[1+x?| +2Log[-i+x] Log[1+x?| +2Log[i+x] Log[1+X?] -

Log[i +x]?+8Log|

1 1ix ) , 1. .
2Polylog|2, —+ —| +4Polylog[2, -1ix] +4Polylog[2, ix] -2Polylog|[2, - — i (i +X) |
2 2 2

Problem 1285: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JAr‘cTan [x] Log [1 + xz}
6

X

Optimal (type 4, 114 leaves, 26 steps):

7 2 ArcTan [Xx] 2ArcTan[x] ArcTan[x]? 5Log[x] 5 )
- - + + - +—Log[1+x?] -
60 x? 15 x3 5 x 5 6 12
Log |1 +x2 Log |1 +x2 ArcTan[x] Log|1 + x? 1 1
g ] + gl ] - d ] ——Log[1+x2}2——PolyLog[2,—xz}
20 x* 10 x? 5 x> 20 10

Result (type 4, 315leaves):
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1 3 5 2 4 5 2
- . 7x° +4 x> +8x°ArcTan[x] - 24 x* ArcTan[x] - 12 x?> ArcTan [x]“ +
60 X

18 x° Log[x] +12 x° Log[1 - 1 x] Log[x] +12x° Log[1+ 1 x] Log[x] -3 x° Log[-1 +x]? -

6 x> Log[-1i +X] Log[—li (i+x)]-6x%° (1+1ix)] Log[i+x] -
2

3x5Log[j+x]2+32x5Log[#}+3xLog 1+x?] -6x%Log|1+x?] -
V1+x2
9x° Log[1+x?] +12ArcTan([x] Log[1+x?| -12x° Log[x] Log[1+X?| +
1 ix
6 x> Log[-1 +x] Log[1+x?] +6x°Log[1i+x] Log[1+x?] - 6X° PolylLog|2, ;+7] +

1
12 x> Polylog[2, -i x] +12 x> PolyLog[2, i x] - 6 x> PolyLog[2, - — i (i +x”
2

Problem 1291: Unable to integrate problem.

dx

J(a+bAr‘cTan[cx1> (d+elog[1+c2x?])

X
Optimal (type 4, 282 leaves, 18 steps):

1
adlog[x] + —ibelog[icx]Log[l-1icx]?-
2

1 1
—ibelog[-icx]Log[l+icx]?+—=1ibdPolylLog[2, -icx] -
2 2

1
—ibe (Log[l-icx]+Log[l+icx] —Log[1+c2x2}> PolylLog[2, -icx] -
2

1
—1bdPolylLog[2, i cx] +
2

%]'].be (Log[1-1icx] +Log[l+icx]-Log[l+c®x?])Polylog[2, icx] -

%aePolyLog[Z, -c?x?| +ibelog[l-1cx]Polylog[2, 1-1icx] -

ibelog[l+1cx]PolylLog[2,1+1icx]-1bePolyLog[3,1-1icx]+1bePolylog[3, 1+1cX]
Result (type 8, 28 leaves):

dx

J(a+bAr‘cTan[cx}> (d+elog[1+c2x?])

X

Problem 1292: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(a+bAr‘cTan[cx}> (d+elog[1+c2x?])
2

X

Optimal (type 4, 100 leaves, 6 steps):
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ce (aerAr‘cTan[cx])2 (a+bArcTan[cx]) <d+eLog[1+c2x2}>
- +
b X
1 1 1 1
—b d L 1 2 x? L 1-——| -—b PolyL 2, ——
5 c (d+elog[1+c*x?]) Log]| 1+c2x2] A cePolylog|2, oo

Result (type 4, 362 leaves):

1
— |-4ad-4bdArcTan[cx] +8acexArcTan[c x] +

4 X

i 2 i 2
4bcexArcTan[cx]?+4bcdxlog[x] +bcexlog[-—+x| +bcexLlog[~+x] +

c c
2bcexLog[—£+x] Log[ =~ (1-icx)]-4bcexLlog[x] Log[1l-icx]+
c

N |

[

i 1

2bcexlog[~ +x| Log[;
c

4aelog[l+c?x?| -2bcdxlog[l+c?x?| -4beArcTan[cx] Log[1+c?x?] +

(1+icx)]-4bcexLlog[x] Log[l+1icx]-

4bcexLlog(x] Log[1+c?x?] —2bcexLog[—£+x} Log[1+c?x?] -
c

i
2bcexLlog[—+x| Log[1+c*x*| ~4bcexPolylog[2, -icx] -

c
icX

2

1cCX

]

1 1
4bcexPolylog[2, icXx] +2bcexPolyLog[2, — - } +2bcexPolyLog[2, -+
2 2

Problem 1294: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(a+bAr~cTan[cx}> (d+eLlog[1+c2x?]) i

X4
Optimal (type 4, 189leaves, 15 steps):

2c?e (a+bArcTan[cx]) c e (a+bArcTan[cx])? b e e Log[x] 1 bc’eLog[1+c? ]
_ _ N _ = N _
3

3x 3b
bc (1+c?x?) (d+eLog[1+c2x2]) (a+bArcTan[cx]) (d+eLog[1+c2x2”
6 x? 3x3
1. 2,2 1 1.3 1
6bc (d+elog[1+c?*x?]) Log{l—l+c2x2]+6bc e Polylog|2, e

Result (type 4, 420 leaves):
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- ; 4ad+2bcdx+4bdArcTan[cx] +4bc®d x> Log[x] -
12 x

2bc®dx® Log[1+c?x*| +4ae (2c?x? (1+cxArcTan[cx]) + Log[1+c®x*]) +

be |4c?x?

c X
2 ArcTan[c X] +chr‘cTan[cx12—2chog[—

V1 +c?x?

2cx® (2Log[x] - Log[1+c?x?]) +
2Log[1+c®x?] (cx+2ArcTan[cx] +2c®x? Log[x] - ¢ x° Log[1+c?x*]) -
4c*x (Log[x] (Log[l-icx]+Llog[l+1icx])+Polylog[2, -icx] +Polylog[2, i cx]) +

C3 X3

Log[—£+x]2+Log[£+x]2—2 Log[—jier} +Log[£+x] - Log[1+c?x?]
c c c c

Log[1+c?x?] +2 Log[j—+x] Log[l(lJr]lCXHJrPolyLog[z’liicx] .
C 2 2 2
2 Log[*£+x} Log[1<1fjcx)]+PolyLog[2,lJrchx] J]
C 2 2 )

Problem 1296: Unable to integrate problem.

J(a+bAr‘cTan[cx}> (d+elog[1+c2x?]) ix

x6

Optimal (type 4, 248 leaves, 24 steps):

7bc3e 2c?e (a+bArcTan[cx]) 2c*e (a+bArcTan[cx])
- - +

60 x2 15 x3 5 x : 5b
bc (d L 1+c2x?
Ebc5eLog[x}+Ebc5eLog[1+c2x2}— ¢ (drelog[1rcix])
6 60 20 x4
(a+bArcTan[cx]) (d+elog[1+c?x?])

.
10 x?2 5 x>
1

c®e (a+bArcTan[cx])?

+

bc? (1+c?x?) (d+elog|[l+c?x?])

Lbc5 (d+eLog[1+c*x?]) Log[1- }7ibc5ePolyLog[2, !
10

1+c2x? 10 1+c2x?

Result (type 8, 28 leaves):
J(a+bAr'cTan[c x]) (d+elog[1+c2x?])

x6

dx

Problem 1297: Result more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx]) (d+elog[f+gx?]) dx

Optimal (type 4, 562 leaves, 21 steps):
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b(d-e)x bex b (d-e)ArcTan[cx]

- + + +
2¢ C 2 c?
r
1 1 be\/?Ar‘cTan[—\/‘;{—X]
—dx* (a+bArcTan[cx]) - —ex? (a+bArcTan[cx]) - -
2 2 cVe
) ZC(\F—\EX)
be (c2f-g) ArcTan[cx] Log[ﬁ} be (c?f-g) ArcTan[cx] Log| (cVF-ive) aicx
N
c’g 2c?g
2¢ (VF e )

26
be (c?f-g) ArcTan[cx] Log| (e Frive) (Hm] bexLog[f+ gx’]

2c’g 2¢

be (c2f-g)ArcTan[cx] Log[f+gx?| e (f+gx?) (a+bArcTan[cx]) Log[f+gx?]
+ +

2c%g 2g

2c(ﬁ—\/gx)
(cﬁ—iﬁ) (1-i cx)

ibe (c2f-g) Polylog|2, 1- —2—] ibe (c?f-g) Polylog|2, 1-

1-1cx

2c%g 4c%g

ZC(WM/EX) ]
(cﬁﬂ‘m@) (1-1 ¢ x)

ibe (c2f-g) Polylog|2, 1-

4c%g

Result (type 4, 1138 leaves):

, -2bcdgx+6bcegx+2ac’dgx’*-2ac’egx’?+2bdgArcTan[cx] -
4c%g

2begArcTan[cx] +2bc?dgx?ArcTan[cx] -2bc?2egx?ArcTan(c x] -

c2

4bce\/?\/EArcTan[\Ex}+41’1bc2efAr'cSin[ ]ArcTan[&]f

2
\/? C-ng ICZ.Fg

c2f coX .
] Ar‘cTan[L] ~4bc?efArcTan[cx] Log[1+ e ArcTaniex] ]

c2f-g /czfg

4]'1begAr‘cSin[

. cf
4begArcTan[cx] Log[1+e?tArcTanicxl] 4 2 pc? e fArcSin|
c2f-g
2 21 ArcT 21 ArcT 21 ArcT 2
Log[czfg(c (1+(E i Arc an[cx]) f+ (_1+e i Arc an[cx]) g_ze i ArcTan[c x] ,C 'Fg]] _
2 . .
2begAr‘cSin[ } Log[ (CZ (1+e21Ar‘cTan[cx]> £+ (_1+e21Ar‘cTan[cx]) g-
c2f-g c2f-g

2 @2 iArcTan[cx] «/cz-Fg]] +2bc*efArcTan[cx] Log| ;
ccf-g
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(cz <1+e21iAr~cTan[cx]> f 4 <71+e21'1Ar'cTan[cx]> g72(e21'1Ar'cTan[cx] ,CZ‘Fg )} —ZbegAr‘cTan[cx}
(CZ (1+621'1Ar‘cTan[cx]> f+ (_1+eziAr‘cTan[cx]) g_zeziArcTan[cx] /cz.':g ]] _

z-F eZJlAr‘cTan[cx] [C2f+g+2 ICZ.Fg]
C

L 1
czf—g] o8t c?f-g

CZ.F eZiAr‘cTan[cx] (c2f+g+2 ,CZ'Fg)

Log|1l
czf—g} g[ " c2f-g

e21‘1Ar‘cTan[cx] (c2f+g+2 /CZ'Fg )

c2f-g

eZJ‘LAr‘cTan[cx] [C2f+g+2 'CZ‘Fg ]

c2f-g

Log[czfig

2bc? e-FAr‘cSin[

} +

2be gAr‘cSin[

|+

2bc?efArcTan(cx] Log|1 +

] -

2begArcTan(cx] Log[1+ | +2ac?efLog[f+gx?] -

2bcegxlog[f+gx*| +2ac?egx’Log|[f+gx?| +2begArcTan[cx] Log[f+gx?| +
2bc?egx®ArcTan[cx] Log[f+gx?| +2ibe (c*f-g) PolyLog|2, —e? ArcTaniexl] _

eZJiAr'cTan[cx] [C2f+g72 ’cz'Fg

ibe (c®f-g) Polylog|2, -

} _

c2f-g
e21’1Ar‘cTan[cx] (c2f+g+2 ’CZFgJ
ibc?efPolylog|2, - |+
c2f-g
eZJ‘LAr‘cTan[cx] (C2f+g+2 'szg]

JibegPolyLog[Z, - }

c2f-g

Problem 1298: Result more than twice size of optimal antiderivative.

J(a+bAr~cTan[c x]) (d+eLog[f+gx?]) dx

Optimal (type 4, 656 leaves, 28 steps):
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2ae\/?Ar‘cTan[£—X]
-2aex-2bexArcTan[cx] + VE +
Ve
N fF g x c (v -Ff -/g x
ibe+/-f Log[l+1cX] Log[c - | ibe+-f Log[l-icx] Log| - ]
cFoivg ) Vg )
2+/g 2+/g
. , VT x , , ¢ [VF Ve ¥
ibe+/-f Log[l-1icx] Log[C - | ibe+-f Log[l+icx] Log| - ]
N Foivg 1 VFivE )
2+/g 2+/g

beLog[1+c2x2}

+x (a+bArcTan[cx]) (d+elog[f+gx’]) -

c
_g(1c?x?) 2 i b _f Polylog|2, /& ti-cx)
b Log| P }(d+eLog[f+gx})_1 e Oyog[,cﬁﬂiﬁ}
2¢ 2/g
ibe+/_f Polylog[2, YE1-icX)] jpe+/f polylog|2, Y& 1icx
' ytog| flcﬁwz]f yrog|2, TE S
2\/g 2\/g
i "F polylog|2, & (izcx) < (figx?)
ibe~ olyLog|2, cﬁﬂxﬁ] _bePolyLog[Z, ot |
2\/? 2c¢c

Result (type 4, 1362 leaves):
2ae\/?Ar‘cTan[€;f—x] ) bdLog[1+c?x]

Ve 2c

Log[1+c2x?]

adx-2aex+bdxArcTan[cx] +

+

aexlog[f+gx?| +be |xArcTan[cx] - Log[f+gx?] +

2c

1| [~tog[-%x] - Log[ x| + Log[1 c?x?] | Log[f g x2]
—beg < < .
C 2g

Log[—i—+x] Log[1 - r—g(;i)—} +Polylog|2, M]

711\/T7£ ,]'H/T,ﬁ
2g :
Log[-* +x] Log[1 - M] +Polylog|2, @j—x)—}
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Problem 1301: Result more than twice size of optimal antiderivative.

J(a+bAr‘cTan[cx1> (d+eLog[f+gx]) 4
X

x3

Optimal (type 4, 528 leaves, 22 steps):
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Result (type 4, 1213 leaves):
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Summary of Integration Test Results

1301 integration problems

A - 1217 optimal antiderivatives

B - 33 more than twice size of optimal antiderivatives
C - 31 unnecessarily complex antiderivatives

D - 11 unable tointegrate problems

E - 9integration timeouts



